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A Compactification of the Universal Moduli
Space of Principal GG-Bundles

Angel Luis Mufioz Castafieda

Abstract. Let G be a semisimple linear algebraic group, p: G — SL(V) a
finite-dimensional faithful representation, g > 2 a natural number, and §
a positive rational number. We prove the existence of a compactification
of the universal moduli space of semistable principal G-bundles over M,
provided that § is sufficiently large, having the following property: the
fibers over singular curves are the moduli spaces of §-semistable singular
principal G-bundles.
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1. Introduction

Let X be a smooth projective curve of genus g > 2 over an algebraically
closed field of characteristic 0, and G a connected reductive algebraic group.
In [18,19], Ramanathan proved the existence of a projective moduli space,
Mg?)s(G), of (semi)stable principal G-bundles on X of a given topological
type. When G = GL,., this moduli space is isomorphic to the classical moduli
space of (semi)stable vector bundles constructed by Mumford and Seshadri
[15,27].

A problem that arises naturally is to consider a degeneration of X along
a discrete valuation ring, whose closed fiber is a stable curve of genus g, and
describe the limit of a semistable principal G-bundle on X when we approach
the closed fiber. When G = GL, (respectively, Sp,, O,), this problem is
equivalent to the problem of finding the limit of a locally free sheaf of rank
r (respectively, together with a bilinear form satisfying certain conditions).
It is well known that the solution is a torsion-free sheaf of the same rank
(respectively, together with a bilinear form satisfying certain conditions) [5].
This degeneration problem has been studied by Sun when G = SL,. [29,30].
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One can also study how the moduli space of semistable principal G-
bundles varies as the base curve varies in the moduli space of stable curves,
Mg. This leads to the problem of compactifying the universal moduli space [4]
of principal G-bundles over M,. Regarding this problem, not much is known,
except when G = GL,.. In this case, Pandharipande has proved the existence
of a projective moduli space and a morphism onto Mg whose fiber over a
stable curve X is the moduli space of semistable torsion-free sheaves of a
given rank and degree divided by Aut(X) (see [3,17] for the particular case
of r =1).

For a general group G, Balaji has carried out one-parameter flat degen-
erations of the moduli space when the closed fiber of the relative curve is
irreducible [1]. This is a first step in understanding how to construct a flat
compactification of the universal moduli space of bundles. Concerning this
problem in case G = GL(n), it is worth mentioning the work of Schmitt [22].
Here, a compactification of the universal moduli space is carried out by look-
ing at vector bundles on semistable models of stable curves. It is important to
note that Schmitt’s construction rests on the space built by Pandharipande
[17].

An alternative construction of the moduli space of principal G-bundles
was given by Schmitt for a semisimple linear algebraic group G. Given a
faithful representation p : G < SL(V') of dimension r, a singular principal
G-bundle is a pair (&, 7) consisting of a locally free sheaf & of rank r and
degree 0, and a non-trivial morphism of algebras 7 : S*(V @ &) — Ox.
Giving 7 is the same as giving a morphism X — Hom, (V ® Ox,&V)/G,
and the singular principal G-bundle (&, 7) is said to be honest if Im(7) lies
inside the subscheme Isom, (V ® Ox,&"Y)/G. Schmitt’s work is based on
the following result (a particular case of [26, Proposition 9]):

isomorphism classes of pairs (&, 1)

isomorphism classes & being a locally free sheaf of rank
of principal G-bundles , ~ ¢ r with trivial determinant and
on X 7: X — Isom, (V®0x,8)/G

a section

For a given representation p : G — SL(V') and a rational number § € Q~, it
is proved in [23] the existence of a projective moduli space, SPB(p);EZ)S, of
J-(semi)stable singular principal G-bundles with Hilbert polynomial P over a
smooth projective curve X . Furthermore, for 6 > 0 and P(k) = rk+r(1—g),
it is also proved that every d-semistable singular principal G-bundle is honest
and that SPB(p)iéfISD)S is isomorphic to MY*(G). It is worth pointing out that
it is possible to prove the existence of these moduli spaces when working
over more general base schemes [2,11,14]. Considering everything said so far,
Schmitt’s approach seems suitable for tackling the problems mentioned above
when the linear algebraic group G is different from GL,..

This work aims to prove the existence of a compactification of the mod-
uli problem defined by pairs (X, &), where X is a smooth projective curve
of genus g and & is a semistable principal G-bundle. This generalizes the
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construction for vector bundles given by Pandharipande [17]. The approach
we will follow is the approach taken by Schmitt; therefore, we will substitute
& by its corresponding singular principal G-bundle. A key component in
the theory of singular principal bundles is the notion of swamp, which over a
reduced projective curve is a pair (%, ¢), where .% is a coherent sheaf of pure
dimension one and ¢ : (F®*)®* — 9 is a morphism of &x-modules [11,14].
Here, a,b and 2 are fixed input data. From [14], it follows that the con-
struction of the universal moduli space of singular principal bundles reduces,
essentially, to the construction of the universal moduli space of swamps. Thus,
a significant part of this work is focused on the universal moduli space of these
objects.
The precise statement of the main result is as follows.

Theorem 1.1. Let G be a semisimple linear algebraic group, p : G — SL(V) a
faithful representation of dimension r, g > 2 a natural number, and § € Q¢

a rational number. There exists a projective scheme SPB(p)i:g,S)S, together

with a map Oy : SPB(p)f:éS)S — M,, such that for any stable curve [X] € M,

0, ' ([X]) = SPB(p)i__;)S/Aut(X), where SPB(p)i:gg)s is the moduli space of
d-(semi)stable singuldr principal G-bundles, (F,7), on X with & of uniform
rank v and degree 0. If § is large enough, ©, '([X]) = Mg?)S(G)/Aut(X) for
every smooth curve [X] € M,.

The main technical result necessary to prove the previous theorem is
the following.

Theorem (Theorem 3.6). Fiz g,h,C € N with g > 2, and a finite set P of
polynomials of degree one with integral coefficients. There is a natural number
Ny, depending only on P,C,g and h, such that for every Cohen—Macaulay
projective and connected curve of genus g with a very ample invertible sheaf
Ox (1) of degree h and every coherent sheaf of pure dimension one, F, over
X with Hilbert polynomial in P satisfyingA coherent sheaf pimar(F) < C, the
following holds: for all k > Ng, h*(X,.Z(k)) = 0, and .Z (k) is generated by
its global sections.

This result is necessary to prove the existence of a relative Quot scheme
over the parameter space of the universal curve of genus g containing every
coherent sheaf of pure dimension one with a given Hilbert polynomial that
appears in a d-semistable singular principal bundle. Note that in case of P
consist of one polynomial, P(n) = an+g, and C be equal to §/a, Theorem 3.6
implies the existence of a Quot scheme, relative to the parameter space for
stable curves of genus g, which contains every semistable sheaf with Hilbert
polynomial P (this particular case was proved in [17, Section 5, Section 6]).

Following the proof of [7, Theorem 3.6] and applying the corollaries of
Theorem 3.6 appropriately, we prove Theorem 3.11. This theorem character-
izes d-semistability for swamps in terms of GIT semistability on a particular
parameter space that depends on two natural numbers, N and L, that must
be large enough. The novel part is that we prove that N and L do not depend
on the base curve. From [14], the corresponding result for singular principal



54 Page 4 of23 A. L. M. Castafieda MIOM

bundles follows, which, in turn, implies that the projective scheme we con-
struct is a coarse moduli space for pairs (X, (%, 7)) given by a stable curve
of genus g and a J-semistable singular principal bundle.

1.1. Outline of the Paper

This paper is organized as follows. In Sect. 2, we introduce the notions of
swamps and singular principal bundles, their relation, and the concept of
d-semistability. In Sect. 3, we prove the main technical result of the article,
which is Theorem 3.6. This allows us to prove Theorem 3.11, which eventually
implies the main property of the projective scheme we construct. In Sect. 4,
we prove the existence of a coarse projective moduli space for the moduli
functor defined by pairs (X, (#,¢)), X being a stable curve of genus g and
(&, ¢) a d-semistable swamp of a given Hilbert polynomial. The forgetful map
defines a morphism between this moduli space and Mg. Finally, in Sect. 5,
we prove the existence of a coarse projective moduli space for the moduli
functor defined by pairs (X, (#,7)), X being a stable curve of genus g, and
(F, 1) a 0-semistable singular principal G-bundle of a given rank and degree
0. As in the case of swamps, there is a morphism to Mg. This, together with
the results given in [14,20,24,25] and Sect. 3, implies that the fibers of the
above morphism over smooth curves are precisely the classical moduli spaces
of principal G-bundles constructed by A. Ramanathan.

2. Preliminaries

Let C be an algebraically closed field of characteristic 0. We work in the
category of schemes over C.

Let X be a Cohen-Macaulay projective and connected curve of genus g
together with a very ample invertible sheaf &'x(1).

Set k € Z. A coherent sheaf .Z on X is k-regular if H' (X, .7 (k—1)) = 0.
If % is k-regular and k' > k, then .Z is also k’-regular. From Serre’s vanishing
theorem, it follows that there is always an integer k, such that .# is k-regular.
The regularity of .% is defined as reg(.#) := inf{k € Z : .# is k-regular}.

Let . be a coherent sheaf on X. Its (polarized) degree and its (polar-
ized) slope are defined as deg(.#) := x (%) —rx(Ox), w(F) = x(F)/a, a
being the multiplicity of .% (the degree one coefficient of its Hilbert polyno-
mial Pz) and r = «/h its rank. If X has irreducible components X3, ..., X,
and p; denotes the generic point of X;, the multirank of .% is the tuple
(dim(Z,;))i=1,... ;. It has uniform rank r if dim(.%,,) = r for each 1.

A coherent sheaf on X is of pure dimension one if dim(Supp(¥¢)) =1
for every ¥ C %. Recall that a coherent sheaf of pure dimension one, %,
is semistable if for any subsheaf .#' C %, u(F') < u(F). Recall also that
for any coherent sheaf of pure dimension one, .%, there is a unique filtration
(Harder-Narasimhan filtration) 0 = %, C %#; C --- C % = .%, such that the
quotients .%#;/.%;_1 are semistable sheaves with decreasing slopes. As usual,
we will use the following notation:
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pmasx (F) i= max{u(Fi/ Fia)li = 1,... .k} = p(F1).
For any subsheaf ¢4 C .%, we have j(¥4) < pimax(-%).

2.1. Swamps

Let a,b € N be natural numbers, P a polynomial with integral coefficients of
degree one, and Z an invertible sheaf over X.

Definition 2.1. A swamp over X of type (a,b, Z2) and Hilbert polynomial P
is a pair (&, ¢), where Z is a coherent 0'x-module with Hilbert polynomial
P and ¢: (#%%)® — 9 is a non-zero morphism of &x-modules.

Let T be a scheme and 7x : X xT — X, and np : X xT — T
the first and the second projections, respectively. A family of swamps over
X of type (a,b, 2) parametrized by T is a tuple (%r, ér,.4), where Fr
is a coherent Ox yp-module flat over T', .4 is an invertible sheaf over T
and ¢p : (ﬁi‘?“)@b — %9 @ mh A is a morphism of Oxyr-modules. An
isomorphism between families (Fr, ¢, .#) and (Fr, &, A') is a pair of
isomorphisms f : % ~ .F' g: A ~ 4" such that ¢/po () =id@7i(g)
(see [7]).

Let .# be a coherent sheaf of pure dimension one over X. A weighted
filtration of .Z is a filtration %, = (0) C % C -+ C F C Fy1 = F,
equipped with positive rational numbers m = (my ...,m;) € QL.

Let ¢: (F94)®® — & be a swamp on X and let (F,, m) be a weighted
filtration. We denote by «; the multiplicity of .%#; and by « the multiplicity
of Z. Let us define T' := Zﬁ m; L) TO = (1 —a, XL 1 — a,l, %270,
Let us denote by J the set of multi-indices I = (i1,...,14,), such that i; €
{1,...,t+ 1}. Let us define

u(ﬁ.,m, ¢) = minIEJ{Fail +eee Fam' ¢‘(<?i1®---®47%)®b 7é O}a (1)
I'; being the jth component of I'.

Definition 2.2. Let 0 € Q- be a positive rational number. A swamp (.7, ¢)
of type (a,b, 2) is 6-(semi)stable if for each weighted filtration (F,,m) the
inequality ! mi(aPz, — a;Pz) + du(:Fe, m, ¢)(<)0 holds.

Remark 2.3. (1) There is a positive integer A, depending only on the input
data P and a, which allows considering just weighted filtrations satisfy-
ing m; < A to check the d-semistability condition. To see this, note that
a swamp is 0-(semi)stable if and only if the d-(semi)stability condition
holds for every integral weighted filtration, i.e., filtrations with integral
weights. Now, the claim follows from [7, Lemma 1.4] changing ranks by
multiplicities. Observe that the upper bound A does not depend either
onboron Z.

(2) Note that if (.#, ¢) is d-semistable, then .Z is of pure dimension one.

2.2. Singular Principal Bundles

Let G be a semisimple linear algebraic group and p : G — SL(V) a faithful
representation of dimension r. Let P be a polynomial with integral coefficients
of degree one.
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Definition 2.4. A singular principal G-bundle over X with Hilbert polynomial
P is a pair (%, 1), where % is a coherent &x-module with Hilbert polynomial
Pand 7: 8%V ®.%) — Ox is a morphism of @x-algebras, which is not
just the projection onto the zero-degree component.

A family of singular principal G-bundles parametrized by a scheme T,
as well as an isomorphism between two families, is defined in the obvious
way.

Consider a singular principal G-bundle on X, 7: S*(V @ %)% — Ox.
We can find s € N, such that S*(V ® .%)% is generated by the submodule
D;_, SV ® .F)%. Let d € N* be so that Y id; = s!. Then, we have

S

RV @ F)@ é)sdi(si(v ® F)) - é)sdi(si(v ® )% — Ox.

i=1 i=1 i=1
(2)

Adding up these morphisms as d € N varies, we find a swamp (see [14] or
[20))

Swamp(7) == ¢, : (V @ F)%HEN - Ox. (3)

Let us define a := s! and b := N. From [14, Theorem 5.5], we deduce that
there is an s € N, which depends only on the numerical input data, large
enough that the map

isomorphism classes of R isomorphism classes of (4)
singular principal G-bundles swamps of type (a,b, Ox)

is injective.

Definition 2.5. Let § € Q- be a positive rational number. A singular prin-
cipal G-bundle is said to be d-semi(stable) if its associated swamp is J-
semi(stable).

3. A Uniform Boundedness Result on Cohen—Macaulay Curves

Although the aim is to construct moduli spaces over stable curves, the main
results of this section hold for Cohen—Macaulay curves, so they are stated for
this more general case.

3.1. Locally Free Sheaves on the Projective Line

Let & be a locally free sheaf of rank r on the projective line P,lc. By [8,
Théoreéme 2.1], there are integers ny > -+ > n,., such that & ~ @;_, Op1 (n;).
The tuple (n1,...,n,) is defined as the type of & and is denoted by 7(&). We
will denote by Tmin(&) (respectively, Timax(€)) the minimum (respectively,
maximum) integer of the type 7(&) of &, that is, Tmin(&) = n, (respectively
Tmax(éa) = n1)~

Let r,m € Nand d € Z be integers. There are finitely many isomorphism
classes of locally free sheaves on P! of rank r, degree d, and h°(P!, &) = m.
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Such isomorphism classes are determined by the tuples of integers ny > --- >
n,., verifying the equations
B _ni+ 1 ifn; >0
d(n1) + -+ d(ny) = m, where 6(n;) = {O otherwise 5)

ny+---+n, =d.

Let us denote by N(r,d, m) the set of tuples of integers ny > --- > n, satisfy-
ing (5) and by S_(r,d, m) (resp. S+ (r,d, m)) the minimum (resp. maximum)
among the integers ¢ € Z that appear as the smallest (resp. largest) integer
in a tuple of N(r,d, m). Therefore, any integer n € Z that appears in a tuple
(n1,...,n,) € N(r,d,m) satisfies that Sy (r,d,m) >n > S_(r,d,m).

Lemma 3.1. Let & be a locally free sheaf of rank r, degree d and h° (P, &) =
m. Then, for everyn > —S_(r,d,m), &(n) is generated by its global sections
and h*(P1,&(n)) = 0.

Proof. Let 7(&) = (ni,...,n,) be the type of &, that is, & = @._; Ox(n;).
Then, &(n) is generated by global sections if and ounly if n +n; > 0 for
all 7, that is, if and only if n > —n; for all i. However, n; > S_(r,d, m)
for every i by definition, so taking n > —S_(r,d,m), we get the desired
result. On the other hand, k' (P!, &(n)) = >°i_, hO(PL, Op1 (-2 — n; — n)),
and hO(PY, Opi(—2 — n; —n)) = 0 for every n > —S_(r,d,m), so we are
done. O

3.2. Uniform Boundedness

Let X be a Cohen—Macaulay projective and connected curve together with a
very ample invertible sheaf &'x (1) of degree h. By [16, Proposition 6], there
exists a finite surjective morphism f : X — P!, such that f*0p:(1) ~ Ox (1),
and [12, Theorem 23.1] implies that f is flat. Let £ be a coherent sheaf over
X of degree d and multiplicity «, and define & := f,.Z. Since f is finite and
f*Opi(1) >~ Ox (1), we know that Pg(n) = Py (n). Assuming n > 0, we get
Pe(n) = tk(€) - 1+ 1k(&) + deg(&), Py (n) =a-n+ %(1 —9)+d; (6)
hence, rk(&) = « and deg(&) = (1 — g)% —a+d.
Assume now that . is an invertible sheaf. Then, & is locally free and
there are integers a1 (f) > -+ > an(f), such that

h h
&=L =@ 0p1(a(f), 1-g—h+d=) alf).
=1 i=1

Definition 3.2. Let X, Ox (1), f,.Z be as above. We define the f-type of £
as the tuple (a1(f),...,an(f)), and it is denoted by 7/(.Z).

Lemma 3.3. Fiz g,h,m € N and d € Z. There are integers S_, S, depending
only on g, h, m,d, such that for any Cohen—Macaulay projective and connected
curve of genus g with a very ample invertible sheaf Ox (1) of degree h, any
invertible sheaf & on X of degree d and h°(X,£) = m, and any finite
morphism f : X — P, such that f*0(1) ~ Ox (1), the following holds:

St > T max(€), Trmin(&) > S_, where & := f.(ZL). (7)
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Furthermore, for every n > —S_, £(n) is generated by its global sections

and h'(X, £ (n)) = 0.

Proof. By (6), k(&) = h and deg(&) = 1 — g — h + d. On the other hand,
(P, &) = (X, %) = m. Then, S_ := S_(h,1 —g—h+d,m) and S :=
Si(h,1—g—h+d,m) satisfy the inequality given in (7). Besides, if n > —S_,
&(n) is generated by global sections and h'(P!,&(n)) = 0 by Lemma 3.1.
This implies that h'(X,.Z(n)) = 0, since h!(X, £ (n)) = h'(P,&(n)) and
that Z(n) is generated by its global sections, since the adjunction map,
f*f« — id, is surjective for finite morphisms. O

Lemma 3.4. Fiz g,h € N and n € Z. There exists a constant C' € Z, de-
pending only on g, h,n, such that for every Cohen—Macaulay projective and
connected curve X of genus g with a very ample invertible sheaf Ox (1) of de-
gree h, we have pmar(H) < C, where 7 = ®I_,Ox(n;) with r any natural
number and n; < n.

Proof. Let X and # be as in the statement. Let f : X — P! be a finite and
surjective morphism, such that f*0pi(1) ~ Ox (1). Then, f.. 50 = &]_,&(n;)
for certain natural numbers ny, ..., n,, where & = f,0x = @?:1 Opi(ai(f)).
By (6), we know that rk(&) = h and deg(&) = 1—g—h. Let & C 5 be asub-
sheaf of multiplicity a. Since f..# is locally free, there are integers t1,...,tq,
such that f.% = ®% ,0x(t;). Let n’ be the maximum among nq,...,n,.
Since f..# C f. 7, we deduce that t; < Tax(&) + 1 < Tmax (&) + n, which
implies that deg(f«.7) < a(Tmax(&) + n). On the other hand, deg(.#) =
a+deg(fo) — (1 — g)a/h, so deg(.F) < a(l + Tmax(€) +n) — (1 — g)a/h
and, therefore, (%) < 1+ Tmax(&) +n— (1 —g)1/h. Finally, by Lemma 3.3,
there is a constant Sy, depending only on ¢ and h, such that 7,ax (&) < S5
Therefore, u(F) <1+ Sy +n—(1—g)1/h=:C. O

Lemma 3.5. Let P be a finite set of polynomials of degree one with integral
coefficients. There is a natural number B, depending only on P, such that
for every Cohen—Macaulay projective and connected curve with a very ample
invertible sheaf Ox (1) and every coherent sheaf, F, of pure dimension one
with Hilbert polynomial in P, we have dim(%,/m,;%,;) < B;.

Proof. Let us define B, as the maximum of the leading coefficients of the
polynomials in P. Consider a finite surjective morphism f : X — P,
such that f*Opi(1) >~ Ox(1). Since f must be flat, f..# is locally free of
rank bounded from above by B;. Since dim(.%#,/m,.%,) < rk(f..#), we are
done. O

Theorem 3.6. Fiz g,h,C € N with g > 2, and a finite set P of polynomials of
degree one with integral coefficients. There is a natural number Ny, depending
only on P,C,g, and h, such that for every Cohen—Macaulay projective and
connected curve of genus g with a very ample invertible sheaf Ox (1) of degree
h and every coherent sheaf of pure dimension one, %, over X with Hilbert
polynomial in P satisfying pima(F) < C, the following holds: for all k > Ny,
h'(X, Z(k)) =0, and F (k) is generated by its global sections.
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Proof. Let X, Ox (1) and F# be as in the statement. By Serre duality theorem,
we have that h! (X, .7 (k)) = dim(Homey  (F (k),wx)), Vk € Z. Suppose that
h'(X,Z(k)) # 0 and k > 0. Then, there is a non-zero morphism f’ : % —
wx(—k). Let us define # and A" to be Ker(f’) and Im(f’), respectively.
From the exact sequence 0 — % — % — A — 0, we get
deg(A") = deg(F) — deg(X) = deg(F) — ay u(H) = deg(F) —ax C
Py (n)

=Pz (0) — —5—(1~yg) —axC 2 Dy,

P

with By := min{Pgz (0),9T(n)(1,g),i.c‘i € [1, amax), Pz (n) € P}. Here,
Qmax 18 the maximum among the degree one coefficients of the polynomials
in P. Note that By is a constant which depends only on P, h and the genus
g. The injective morphism 4 <— wx(—k) induces an injective morphism
N (k) — wx. Then, we have deg(A (k) = ar - k+ deg(4) > k + By, and
therefore

29 — 2 = deg(wx) = deg(oA'(k)) + deg(wx /A (K)) .

>k + By + deg(wx /A (k)).

Let us find a bound of deg(wx /.4 (k)). Denote by ¢ the quotient wx /A (k).
Fix a finite surjective morphism f : X — P!, such that f*0p1(1) ~ Ox(1).
Since f is finite, we have a surjection f,(wx) — f«_# — 0. Denote by .7 the
torsion subsheaf of f, # and by % = f._# /7 the locally free subsheaf. If
% =0, deg(f«#) > 0. On the other hand, if  # 0, we have f, ¥ =% ® .7,
so deg(f«_#) > deg(% ), and it is enough to give a bound of deg(% ). Observe
that we have a surjective morphism f,(wx) — % — 0, and that

h T
felwx) = @ O(a;), U = @ﬁ(bj)-

From the above surjection, it follows that, given an index j = 1,...T, there
exists an index 7 = 1,...h such that b; > a;. Therefore

T T
deg(% ) = sz‘ > Zaik >T- A,
i—1 =1

where A := min{a,;}. Now, by Proposition 3.3, there exists an integer S =
S(g,h,m) depending only on g,h,m = h°(X,wx) = g such that A > S.
Therefore, deg(%) > T - S > Ty - S, where Ty := min{0,h - S}. Set Cy =
min{7, - S,0}. Then, from (8), we get

29 —2>k+ By + Cp. (9)

Let N{ be the smallest integer, such that N} + By + Cy > 2g — 2. Then,
h'(X,.Z(k)) = 0 for all k > N/ and N}, only depends on P,C, g, h.

For the last part, let x € X be a closed point and .#, its ideal sheaf. Let
us define ¥ = Im(.¥ ®p, S — F) and d(z) := dim.F, /m,.F#,. We have
tmax(¥) < C and Py(n) = Pz (n)—d(x). By Lemma 3.5, the function d(x) is
bounded from above by a constant B, that depends only on P. We can argue
now as above and we arrive at the equation 2g — 2 > k+ By — B, + Cy. Let
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No(> N{) be the smallest integer such that No+ By —B;+Cy > 2g—2. Then,
h'(X, Z(—x)(k)) = k1 (X, Z(k)) = 0 for all k > Ny, so F (k) is generated
by its global sections and h'(X,.%#(k)) = 0 for every k > Ny and Ny only
depends on P,C, g, h. O

Corollary 3.7. Fiz g,h,C,C’",a € N with g > 2, and a finite set P of poly-
nomials of degree one with integral coefficients. There are natural numbers
Ny, Ni depending on g, h,C,C", P and g, h,C, a, P, respectively, such that for
every Cohen—Macaulay projective and connected curve of genus g with a very
ample invertible sheaf Ox (1) of degree h, and every family E of equivalence
classes of coherent sheaves of pure dimension one, F , with Hilbert polynomial
in P that satisfy pimae(-F) < C, the following holds:

(1) For every subsheaf F' C .F, with # € E, such that |deg(F")| < C', we
have h* (X, Z'(k)) = 0 and F'(k) is generated by its global sections for
all k > Nj.

(2) For every sheaf of the form # = %1 Q- @ F, with F; € E, we have
hY (X, #(k)) = 0 and (k) is generated by its global sections for all
k> Nj.

Proof. 1. Let # € E and ¥’ C % a coherent sheaf in E'. We have
pmax(F') < C. Since |deg(#')| < C’, there are only finitely many
possible polynomials in the set of Hilbert polynomials of the members
of E’. Then, applying Theorem 3.6, we conclude.

2. By Theorem 3.6, it is enough to show that if .#,% are coherent sheaves
of Ox-modules that are ki- and ko-regular, respectively, then .7 ® ¥
is (k1 + ko)-regular. Let j : X — P" be a closed immersion, such
that j*Opn(1) = Ox(1). Since j : X — P" is a finite morphism,
we know that H (X, Z(n)) = H'(P",j.(Z)(n)) and H(X,¥9(n)) =
HY(P",7,(4)(n)). This implies that j,.# and j,% are ki- and ko-regular,
respectively, and obviously, (j..%), = (§+9¢), = 0 for every y € P"\ X.
Therefore, by [28, Proposition 1.5], j..Z ® j.¥ is (k1 + ko )-regular. That
is, HY(P", (j..F ® j.9)(k1 + ka2 — 1)) = 0 for every i > 0. Since j is a
closed immersion, we deduce that j..# ®75.9 = j.(Z ®¥) and, therefore,
W (X (F @9G) (k1 + ky — 1)) = h' (P, (juF ® ju4) (k1 + k2 — 1)) = 0.

O

Corollary 3.8. Let F' be a finite-dimensional vector space, k € 7Z, lg € N,
P(n) € Zln], and X a Cohen-Macaulay projective and connected curve of
genus g > 2 with a very ample invertible sheaf Ox (1) with h*(X, Ox (ly)) = 0.
Then, there exists a natural number L € 7 depending only on k,ly, g, P(n),
such that for every quotient sheaf q : F ® Ox(k) — F — 0 with Hilbert
polynomial P(n) and for every vector subspace F' C F, the following holds:
RN X, Zr (1)) =0 and H(q(1))(F' @ W) = HY(X, Zp/ (1)) for every |l > L,
where W = HY(X, Ox (Il + k)) and Fr: is the subsheaf ¢(F' ® Ox(k)) C F.

Proof. Let X be a Cohen—Macaulay projective and connected curve of genus
g > 2 together with a very ample invertible sheaf &'x (1) with the conditions
of the statement, let ¢ : F® Ox (k) — % — 0 be a quotient sheaf with Hilbert
polynomial P(n), and let F' C F be a vector subspace. Let us consider the
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exact sequence 0 — #p (l) = F' @ Ox (1 + k) — Zp (I) — 0. Taking global
sections, we get a surjection F' @ HY(X,Ox(l + k)) — HY(X, Zr (1)) —
0. Clearly, h'(X,Ox(p)) = 0 for every p > ly, since h*(X,Ox(ly)) = O.
Therefore, | > —k + Iy implies h'(X, Zr (1)) = 0. On the other hand, it
follows from Lemma 3.4 that every sheaf J# of the form Ker(g), for some
q: F® Ox(k) — Z as in the statement, satisfies that pimax(-#") is bounded
from above by a constant depending only on the numerical input data. Also,
there is a finite set P of polynomials with integral coefficients, depending
only on the numerical input data as well, to which P, (n) belongs. Now,
by Theorem 3.6, we deduce that there is a constant [; € N, depending only
on the numerical input data, such that for every [ > Iy, h' (X, #5 (1)) = 0
and (1) is generated by its global sections. Thus, for every | > L :=
max{—k + lo, 1}, we have H°(¢(1))(F' @ W) = H*(X, Zr (1)). O

3.3. d-Semistable Swamps

A direct consequence of Theorem 3.6 is that there is a bound of the regularity
of coherent Ox-modules appearing in d-semistable swamps (and, therefore,
in J-semistable singular principal bundles) that works for every curve in 1\/Tg.
This result is necessary to find a universal parameter space over Mg for such
objects.

Theorem 3.9. Let a,g,h € N with g > 2 and let P(n) € Z[n] be a polynomial
of degree one and 6 € Qsqg. There exists a natural number No € N depending
only on P(n),a,d,q,h, such that for every Cohen—Macaulay projective and
connected curve of genus g, X, with very ample invertible sheaf Ox (1) of
degree h and for every coherent sheaf of pure dimension one % with Hilbert
polynomial P(n) appearing in a 0-(semi)stable swamp of type (a,—,—), the
following holds: F (k) is generated by its global sections and h* (X, .7 (k)) =0
for every k > Ns.

Remark 3.10. The notation (a,—, —) means that we allow swamps of type
(a,b,2), whatever b € N and 2 € Pic(X) are.

Proof. Let (%, ¢) be a d-semistable swamp of type (a,b, 2) with Hilbert
polynomial P(n). Let %#; C .% be a subsheaf and consider the one-step flag
0 C F C % = .F. The computation of the semistability condition given in
Definition 2.2 leads to the inequality

ala — 1)

w(F1) < C = p(F) + 9,

C being a constant depending only on P, h,a,d,g. Now, by Theorem 3.6,
there exists a natural number Ny € N depending only on P(n),C, g, h (thus,
on P(n),a,d,g,h), such that h*(X,.Z(k)) = 0 and .Z (k) is generated by its
global sections for every k > N. O

Let a,b, g, h,ly € N be natural numbers with g > 2, and let P(n) € Z[n|
be a polynomial of degree one and § € Q. Let X be a Cohen—Macaulay
projective and connected curve of genus g with a very ample invertible sheaf
of degree h, such that h'(X, Ox(lg)) = 0 for a fixed natural number [, € N.
Let D € N be a natural number, e € Z an integer, and let Z be an invertible
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sheaf on X of degree e with h°(X, 2) = D. Given k € N, let Q(X, k, P) denote
the Quot scheme Quotgp(k)®ﬁx(7k)/x/c. By Theorem 3.9 and Lemma 3.3,
there is a natural number N’ € Z, depending only on the numerical input
data, such that for every & > N’ and for each d-(semi)stable swamp, (%, ¢),
of type (a,b,2) and Hilbert polynomial P, we have that # (k) and 2(k)
are generated by its global sections, and h'(X,.Z(k)) = h'(X, 2(k)) = 0.
Fix such a natural number k& > N’ and denote by F the vector space CF(*),
Let L be as in Corollary 3.8. For [ > L, there is a projective embedding
(Grothendieck embedding composed with the Pliicker embedding)
P(1)
QX,k,P)—P | \(FeH (X 0x(-k))

Consider now the functor rigSw%@,a,b which assigns the set of isomorphism
classes of tuples (Fr, ¢, .4, gr) to a scheme T, where (Fr, 1, .4") is a fam-
ily of swamps with Hilbert polynomial P and g7 is a morphism gr: FQ0Or —
mr«Z71(k), such that the induced morphism FQOx r — Fr(k) is surjective.
The functor ”QSWIE 7.a.b 18 Tepresented by a closed subscheme Wlli’_l@ ap(X) of
Q(X,k, P) x P(Zy), with Z; = ((F®")®")Y @ H°(X, Z(ak)) (see [7, Section
3] for smooth projective varieties and [13, Theorem 2.1.36] for nodal curves).
Let Zlkg’l@ apn(X) C W;lg ap(X) be the closure of the locus representing J-
semistable swamps. Consider the projections pg : Zf,; (X)) — Q(X,k, P)
and pp(z,): Zlk;f@ w(X) — P(Z;), and define a polarization on Z;’lg an(X)
by ﬁZk,@ (X)(nh ng) = p*QOQ(XVk’,P) (n1)®p;(zl)ﬁp(zl)(n2), n1 and no being
positive integers, such that

m _ P(l) — P(k)

ny  P(k)—ad
The natural action of SL(F) on Q(X,k, P) x P(Z;) preserves Zf,:l@ wp(X)

and the linearizations on Oq(x x,py(1) and Op(z,)(1) induce a linearization
on the invertible sheaf ﬁz}’gv; o X)(m, ngy). Then, the GIT quotient given by

(10)

5-(s)s
TSR (X) =25, (X)/SL(F)

exists and is projective, and if k, [ are large enough, it is a coarse moduli space
of d-semistable swamps of the corresponding type (see [7, Theorem 1.8], [11,
Theorem 3.5] and [13, Theorem 2.1.44]).

Now, we can show that we may choose k and [, so that they work for
every Cohen—Macaulay projective and connected curve of genus g. To do so,
we need only to prove the following result.

Theorem 3.11. Let g, h, D,a,b € N be natural numbers with g > 2 and P(n) €
Z[n] a polynomial of degree one. There are natural numbers N (> N'),L € N
depending only on the numerical input data, such that for every k > N
and every | > L, the following holds: for every Cohen—Macaulay projective
and connected curve of genus g with a very ample invertible sheaf Ox (1)

of degree h, a point (q,P) € Zlkg’,;’ayb(X) is GIT-(semi)stable with respect
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to O . (X)(nl,ng) if and only if the corresponding swamp (F, @) is 0-
2 ,a,b

Pl7,
(semi)stable and the linear map f,: F — H°(X,.Z(k)) is an isomorphism,
where F := CP®),

Remark 8.12. This result can be found in [7, Theorem 3.6] without the uni-
formity property for N and L, in case X is a smooth projective variety. The
special case dim(X) = 1 can be generalized for reduced projective and con-
nected curves [13, Theorem 2.1.41], and the proof is valid for a fixed Cohen—
Macaulay projective and connected curve. It only remains to show that we
can choose N and L, so that they work for any curve. To avoid repetition,
we will only mention at which steps (see [13, Section 2.1.5]) Theorem 3.6 and
its corollaries must be applied to get the desired result.

Proof. First, a short calculation shows that the constants appearing in [13,
Lemma 2.1.23] do not depend on the base curve. Apply Theorem 3.6 and
Corollary 3.7 1) in [13, Lemma 2.1.24, Lemma 2.1.25]. The above, together
with Corollary 3.7 2), allows us to show that the constant appearing in [13,
Theorem 2.1.26] and [13, Corollary 2.1.27] does not depend on the base curve
either. Corollary 3.8 implies that the constant appearing in the numerical
criterion [13, Proposition 2.1.39] depends only on the numerical input data.
Finally, applying the above results, it follows that the constant appearing in
[13, Theorem 2.1.41] is, again, independent on the base curve. O

4. The Universal Moduli Space of Swamps

Let a,b,g € N be natural numbers with g > 2, § € Q- a positive rational
number, and P a polynomial with integral coefficients of degree one. Consider
the moduli functor given by

isomorphism classes of pairs (Xr, (%1, ér, A)),
where X7 is a stable curve of genus g flat over
SW(;(;?;J)(T) =< T and (Zr, o1, A) is a family of J-(semi)stable
swamps over 17" with Hilbert polynomial P and
type (a,b, Ox,.)
(11)
Two pairs (Xr, (Fr, ¢, AN)) and (X, (F], ¢y, A)) are isomorphic if there
is an isomorphism of T-schemes, u : Xp ~ X/, such that u*(F}, ¢, A7)
and (Fr, ¢r,.N) are isomorphic (see Sect. 2.1).
Our goal is to prove the following theorem.

Theorem 4.1. There exists a projective scheme, Tg:g(fc)bfb, and a morphism
Osw : Tlg,_g(iz?b — My, such that O, ([X]) = Tg:és))(s;a7b(X)/Aut(X) for any
stable curve [X] € M.

4.1. Gieseker Construction of Mg

Let us summarize the construction of M, [6]. Let g > 2 be a natural number
and set d := 10(2¢g — 2) and M := d — g. These data determine a polynomial
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h(s) = ds—g+1. Consider the Hilbert scheme Hy 4 ps representing projective
curves of genus g and degree d in PM. There exists a projective embedding

is : Hy g ar < Grass(h(s), H'(PM Opu (s))Y) — P(H,),

with H; = /\h(s) HO(PM Opu(s)), for each s € N greater than a particular
natural number so € N. Every pair given by a stable curve X of genus g
and an isomorphism CM*! ~ HO(X,w$') determines a point [X] € Hy g as-
Let us denote by Hy C Hy 4,0 the quasi-projective variety of non-degenerate,
10-canonical stable curves of genus g. The action of SLj; 41 on PM induces
an action on Hg. Then, there exists a natural number s;, such that for every
s > s1, the following holds: (1) i5(H,) belongs to the stable locus, and (2)
is(Hy) is closed in the semistable locus. It follows that My, = H,/SLas41
exists and is projective. The scheme H, is endowed with a universal family,
p: Uy — Hy, of genus g stable curves and a diagram

Ugc clo;ed Hg x P]w pra PM )

”w
pri
flat

H,

For any closed point h € Hy, 9 induces a closed immersion 9y, : X, — PM,
X, being the fiber of p over h € Hy, which satisfies that ¢} Opa (1) >~ w?}io.
Denote by v the composition proot : U, — PM and by Oy, (1) the relatively
very ample invertible sheaf v*Opun(1). Then, Oy, (1)|x, ~ w?}lllo for every
h € H,. Since h'(X,w$™) = 0 and (X, w$') = 10(29 — 2) — g + 1 for
every stable curve, we have that R'u, 0y, (1) = 0, p. Oy, (1) is locally free
and commutes with any base change.

4.2. Grothendieck Embedding of the Relative Quot Scheme
Let us fix a natural number k& € N and denote by F the vector space C”%) Let
Q,(u, k, P) C Quot];®ﬁU (—k) U, u, be the subscheme parametrizing quo-

tients of pure dimension one. The forgetful functor gives a proper morphism
7 Qu(p, k, P) — Hy and the fibered product

Qg(uvkap) XH, Ug 64) Qg(uvkap)

X ¥

U‘] o Hg

is equipped with a universal quotient, flat over Q,(u, k, P) (see [9])

9@, : F®¢*Oy,(—k) — F — 0. (12)
There exists an integer [y, such that, for all [ > [3(I > k), there is an im-
mersion 7 X 4; : Q (i, k, P) — Hy x Grass(P(l), F @ HY(PM Opum(l—k))).
Composing 7 X 4; with the Pliicker map, we get an immersion, that we denote
in the same way
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7 Xy Qgp, b, P) — Hy x P(Hy),
where Hy := ANTW(F @ HO(PM, Opu (1 — k))).

4.3. Projective Embedding of Swamps Data

By Theorem 3.9, there exists NV € N with the following property: given a

stable curve of genus g (with polarization Oy (1) := w$'?), any J-semistable

swamp (.Z, ¢) of type (a,b, Ox) with Hilbert polynomial P defines a point in

the projective bundle 7 : P(((F®*)®*)Y @ pu, 0y, (ak)) — Hy for any k > N

(recall that F' = CP™®). Since p1, Oy, (ak) = pri.ip.(¥*pri Opa (ak)), the nat-

ural surjection pri Opu (ak) — Y. 0*priOpum(ak) — 0, induces a morphism
On, ®c HO(PM  Opu(ak)) = pri.prsOpw (ak) — p. Oy, (ak),

which will be denoted by vj.. By [10, Théoreme 2.2.1. (ii)], there is a natural
number N’ € N that we can take greater than N, such that if ¥ > N’, then
vy, is surjective. Hence, we have a closed immersion of H,-schemes

P(((F®4)®")Y @ p. Oy, (ak)) = H, x P(Hz),
if k > N', where Hy = (F&*)®")V) @ HO(PM, Opa (ak)).

4.4. Universal Parameter Space for Swamps
Let k be a natural number with & > N’. Let

Y = Qg (p, k, P) x g, P(F®")®") @ p. Oy, (ak))

be the pullback of 7 : P(((F®*)®*)Y @u. Oy, (ak)) — Hy by 7w : Q,(u, k, P) —
H,. We denote by 7y and 72 the projections of Y onto the first and the second
factor, respectively. Let w : Y — H, be the induced projection. Giving w3 is
the same as giving a non-zero morphism

oy (FE)) @ Oy — w*n.0y, (ak) © £, (13)
while giving m; is the same as giving a quotient sheaf
qYZF®ﬁy><HgUg*>(§(k)*>0 (14)

on Y xp, Uy Let my and 7y, be the projections of Y xp, U, onto Y and
Uy, respectively. Now, we can pull (13) back to Y xy_ Uy, and we get

s0// : ((F@a)@b) X ﬁYXHgUg — W;W*u*ﬁ(]g(ak) ® ’/T;vf 0.

Note that 73-w* . Oy, (ak) @ 73 L = T, W e Ou, (ak) ® 73 2. Composing
¢y with the surjection 77, p*p. Oy, (ak) @73 L — wf; Ov,(ak) @7y 2L — 0,
we get a morphism @y : ((F®)%) @ Oy xu,u, = 1,00, (ak) @ 73, 2. Let
J be the kernel of (¢*)®* and denote by Py : # — Ty, Ov, (k) @ 75 &
the restriction of @y to . Since 7y, Oy, (ak) ® 73,2 is flat over Y, there
exists a closed subscheme Z C Y characterized by the fact that Py |z = 0.
The restriction of Py to Z lifts to (&(k)®?)®?; that is, it factorizes through
a morphism ¢z : (£(k)|2%)®® — 7, 0v, (ak) @ (£ z), where 7z is the
projection of Z x g, U, onto Z, &(k)|z is the restriction of & (k) to Z x g, Uy,
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and .Z|z is the restriction of .Z to Z. Then, the closed subscheme Z C Y
carries a universal family of swamps over H,

9z F® Ozxy,u,(—k) — €|z,
vz (ER)5)® — 5, Ov, (ak) @ T5(ZL ) 2).

4.5. The Polarization of the Universal Parameter Space

(15)

The action of SL;, on F' induces, naturally, actions on both spaces, Q, (1, k, P)
and P(((F®*)*")Y @ u, Oy, (ak)). Likewise, the action of SLps41 on Hy in-
duces an action on them. The induced action on the first space is described
in [17, Section 1.4], and the action on the second space can be described in
the same terms. Thus, the group SLj;41 X SL,, acts on Y. On the other hand,
we may choose k, [, and s large enough (see Sects. 4.1, 4.2 and 4.3) to get an
immersion

Jsik 1Y — P(H;y) x P(Hs) x P(Hs3),

which is (SLps41 X SLy, )-equivariant. For each i = 1,2, 3, we denote by m; the
projection of P(H;) x P(Hz) x P(Hs) onto P(H;). Given natural numbers,
0 and +y, there are isomorphisms

H°(P(H>), Op(1,)(3)) ~ SPH,, HY(P(Hs;), Op(m,)(7)) =~ S7Hs.

The Segre embedding, sg : P(Hs) x P(H3) — P(SPH, ® SYH3), is a closed
immersion, and is determined by a surjection

(S”Ha © S7Hz) © O (11,)xp (1) — T3 O (11,)(8) © 75O (11,)(7) — 0.

Let us denote by J the vector space S°Hy ® S7YHs. Then, we have an iso-
morphism sg*Op()(1) ~ 75 0p(1,)(B) @ 73 0p(,) (7). Let us consider now
the map

T X 89 P(Hl) X P(HQ) X P(Hg) — P(Hl) X P(J) (16)
For the polarization @ («,1) on P(H;) x P(J), with a € N, we have
(m1 x 89)"O(a, 1) = 71 Opp,) () @ T50p(11,)(B) @ T3 0P (11,)(7)-

From now onwards, 8 and « are assumed to satisfy

B P()—Pk)
ST PR —as (17)
(

as in the fiber-wise problem (10).

4.6. Proof of Theorem 4.1

The action of SLys41 on Y induces a representation, &; : SLysy1 — SL(H;),
for each ¢ = 1,2,3. Furthermore, & and &3 induce a representation w :
SLary+1 — SL(J). We will denote just by & the representation & and by
pm, « P(Hy) x P(J) — P(H;) the projection onto P(Hy). Recall that m
denotes the projection of P(H;) x P(Hs) x P(H3) onto P(H;). From now
onwards, the superscripts {s', 55"}, {s”, ss”}, and {s, ss} will denote stability
(semistability) with respect to the action of SLpsi1,SL, and SLary1 X SLy,
respectively, while the subscripts [-, -] (or [-,-,-]) will denote the polarization
respect which we analyze the semistability condition.
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4.6.1. Step 1: Existence of the Quotient. Our aim is to show that j, ;1 (Z)

is closed in (P(H;) x P(Hs) x P(Hg))féﬂ,y].

Lemma 4.2 [17, Proposition 7.1.1]. There exists an integer oy = (&, w),
such that Yo > ao, ppt (P(Hy)*) C (P(H1) x P(J))f, ;-

Lemma 4.3 [17, Proposition 7.1.2]. There exists an integer oy = a1(&,w),
such that Yo > aq, (P(Hy) X P(J))‘f;l] C pl_{i (P(Hyp)*s).

Proposition 4.4. There exists a natural number oo € N, such that (1) js1.1(Z)
lies inside (P(Hy) x P(Hzg) % P(Hg))f(; . O (2) jsi.k(Z) is closed inside

(P(Hy) x P(Hz) x P(H3))is 5 .
Remark 4.5. Since j, ;1 is an immersion, we can identify Z with a subscheme
of P(Hl) X P(HQ) X P(Hg)

Proof. Due to the previous lemmas, if o > max{ag, o1}, then

prt(P(H))™) € (P(Hy) x P())i, ), (18)
(P(Hy) x P(J))iay) C pyt (P(H1)™). (19)
If we apply (id x sg)~! to (18) and (19), we find the relations

7 H(P(HY)Y) = (id x sg) " pyt (P(H)™), (20)
(id x sg) " ppt (P(H1)™) C (id x sg) " (P(Hy) x P(J))3, 1, (21)

(id x sg) " (P(Hy) x P())iy = (P(Hy) x P(Hy) x P(Hz3))f,, 5.1,
(22)

(P(Hy) x P(Hz) x P(Hy))is 5. = (id x sg) " (P(H1) x P(J))is ),
(23)
(id x sg)~ (P(Hy) x P(J)iiy) C (id x sg) ™" ppg (P(H1)™), (24)
(id x sg) " pigt (P(H1)*) = 77 L (P(Hy)™). (25)

(1) Since H, C P(H;)* and (20), (21), (22) hold, we have an inclusion
Z C Hy x P(H) x P(Hs) C (P(Hy) x P(Hs) x P(Hg))f(;ﬁ_’ﬂ. (26)
(2) H, is closed in P(H,)® (see Sect. 4.1), so H, x P(Hy) x P(Hs) is closed
in p;ﬁ(P(Hl)SS,). Also, Z is closed in Hy x P(Hy) x P(Hs) because it is
proper over H,. Thus, it is so also as a subscheme of 7 (P(H,)®"). The
relations (23), (24), (25), (26) yield
Z C (P(Hy) x P(Hy) x P(H3))is 5. C mp H(P(Hy)™).

[
Therefore, Z is closed in (P(H;1) x P(H3) x P(Hg))faslﬁ A

Let us define Z{7 5 = ZN (P(Hy) x P(Hsy) x P(Hg))[sofjﬂﬁ]. Since

(P(Hy) x P(Hy) x P(Hy))3s ;  lies inside (P(Hy) x P(Hy) x P(Hy))5s 5 o,

O
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it follows that Zj77 5, is closed in (P(H,)xP(Hs) x P(Hg))[ Therefore

o,B,7]"
4-(s)s s(s
TP-,g(-g,b = ZOE 5./ (SLar41 % SLy)

exists and is projective, and there is a well-defined map Oy, : 7, ;,57;7(2; — Mg,
such that O, ([X]) = Tg:éiia’b(X)/Aut(X) for any stable curve [X] € M,,.
4.6.2. Step 2: Closed Points of the Quotient.

Proposition 4.6. There is a one-to-one correspondence between closed points
of Z[SOESB) A and pairs (X, (q,¢)), where X is a 10-canonical stable curve of
genus g, q : F @ Ox(—k) — F — 0 is a quotient of uniform rank r, such
that H(q(k)) : F — H°(X, Z(k)) is an isomorphism, and (F,¢) is a 6-
(semi)stable swamp of type (a,b, Ox) with Hilbert polynomial P.

Proof. Note that we have the inclusion Z[ g,y] - Z[O/:(BI;; If we prove the
equality Z[OE [;7] = Z[Sa gv?’ then the result will follow from Theorem 3.11
and the construction of Z[ EISE We use the Hilbert—Mumford criterium to
prove it. Let us consider the representations

fa ZSLM+1 X SLn — SLM+1 — SL(SQ(H]_)),
wy :SLas41 x SL,, — SL(S?(H,)),
w2 ZSLM+1 X SL — SL(S’Y(H:;))

The representations wy and we give us a representation w = wy @wy : SLips41 X
SL,, — SL(J). Let n € Z[Sa“(;ﬁ? be a closed point and let us define (11, 72) :=
((m1 % sg) o jsik)(n). Let A : G, — SLpsy1 x SL,, be a non-trivial 1-PS
given by Ay : G,,, — SLjs41 and Ae : G, — SL,,. Now, the equality is proved
through the same argument as the one given in [17, Proposition 8.2.1]. O

4.6.3. Step 3: The Universal Natural Transformation.

Proposition 4.7. There ezists a universal natural transformation
U mathbew;gffob — Hom(—, Tlf’_g(;)’sb).

Proof. Let T be a scheme and n € Sw;(;y)asyb(T) a T-point, which consists of
a tuple (m, Fr, N, ¢), where 7 : Xy — T is a flat family of stable curves
of genus g with relative polarization Ox..(1) := w;e;w/T, Fr is a flat family
of coherent sheaves of pure dimension one with Hilbert polynomial P and
uniform rank r, .4 is an invertible sheaf on T, and ¢ : (FF*)®° — 7 4
is a J- (serm)stable swamp. Let k¥ > N’ be the natural number fixed for the
construction of Tg';sisb (see Sect. 4.3). Then, R'm, Zr(k) = 0 and 7. Fr (k)
is locally free of rank n = P(k). On the other hand, R'7.0x, (1) = 0 and
T Ox, (1) is locally free of rank N +1 =10(2g —2) — g+ 1. Let {U,} be an
open cover of T, such that (m..%r(k))|y, ~ F ® Oy, and (7.0x,.(1))
CM+1 ® Oy, where F = C™. This trivializations induce surjections

q27Wi : (CJV[+1 X ﬁXT|Wi — ﬁXT(l)‘WZ — 0, (27)

~
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aw, : F® Ox, (=k)lw, — Zr|lw, — 0, (28)

where W; = 7~ 1(U;). Composing ¢(ak)|w, with (g1 w,(k)®*)®® and taking
the pushforward by 7, we get a morphism

¢i: (FO) @ Orly, — (N |u,) @ T Ox, (ak)|u, .

The first surjection, (27), gives an embedding go w, : W; — U; x PM | while
the second surjection, (28), defines a map g1, w, : Ui — Qg (u, k, P). Finally,
the morphism ¢; defines a map ¢; : U; — P(((F®*)®")Y @ p, Oy, (ak)) as
well. Therefore, g1 w, and ¢; define a map 1; : U; — Y. Consider two open
subsets U;, U;, and let U;; = U; N U; be the intersection. Then, ¢; and ¢;
define maps U;; — Y which differ by a U;;-valued point of the group scheme

SL,, X SLas4+1. Furthermore, Im(U;; — Y) lies inside Z[ZSBW], because 7 is

d-semistable. Therefore, there is a well-defined morphism 7' — Tg_’;sgsb. This
shows the existence of a natural transformation

U Swi O Hom(—, 7550,

Let M be a scheme and suppose that there exists a natural transformation
5-(s . . 5-

(U SWP,(;,);,b — Hom(—, M). There is a canonical ¢yniy € SWP,(;,);,b(Z[(;?Z,’y])

corresponding to the universal family (see (15)). The morphism W (¢yniy) is

SL,, X SLps41-invariant, so it descends to a morphism Tg_g(sasb — M, which

defines a map ¥” : Hom(—, Tg;ﬁfb) — Hom(—, M). Clearly, ¥"/o¥ =¥'. [

5. A Compactification of the Universal Moduli Space of
Principal G-bundles

Let G be a semisimple linear algebraic group and p : G < SL(V) a faithful
representation of dimension r. Let ¢ > 2 be a natural number, § € Q¢ a
rational number, and P a polynomial of degree one with integral coefficients.

5.1. The Parameter Space

Let Q,(u,k, P) be the Quot scheme that was considered in the case of
swamps. Let us consider the affine Hy-scheme defined by

H(V,s, k) := @ Homy, (S(V @ C") ® On,, n. Oy, (ik)) — H,.
i=1

By [14, Section 6.1] and the results of Sect. 3, every d-semistable singular
principal G-bundle over a semistable curve of genus g determines a point in
Qy (1, k, P) xy, H(V, s, k) if s and k are large enough. Denote by % and 7z the
projections

(Qg(/”’? k,P) XHQ H(Vva S,k’)) ng Ug I U97

(Qg(.u’a k7p) ng H(‘/a Svk)) ng Ug - Hga
respectively. The goal now is to put a scheme structure on the locus given by
the points ([q], [k]) € Q,(u, k, P) xu, H(V,s, k) that come from a morphism
of algebras S*(V ® Z)¢ — Ox. For the sake of clarity, let us denote E, :=

(29)
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(Qy(py b, P) xu, H(V, 5, k)) xn, Uy. For each i € N, we consider the universal
morphism
¢ S(VeW)® O, — 1R, (R Oy, (ik))

on E,. It leads to S*(V @ W) ® Or, — E* Oy, (ik) = Og, (ik) when composed
with the evaluation map 7, (F* Oy, (ik)) — &* Oy, (ik) — 0. Summing up
these morphisms, we get ¢g,: ¥g,: = @;_; S'(V oW @ Og, (—k)) — Ok, .
Let T]::ql S*(7g,) — Og, be the corresponding morphism of algebras. Con-
sider the universal quotient (12), qQ, : F® ¢"0q,xy,v,(—k) = & — 0,
on Qu(u, k, P) xn, Uy. Pulling it back to E;, we get a quotient 4Qy % H

F® 0g,(—k) — & — 0, and, therefore, a chain of surjections

S, — S* (VO F® 0p, (k) — S* (Ve &) — S (Ve s
Then, there exists a closed subscheme D, C Q,(u, k, P) xu,H(V, s, k) (follows
as in [20, Section 5.1]) over which the morphism Tllag : 8*g, — Og, lifts to
a morphism of algebras m, : S*(V ® ?qu)G — Op,, where &|p, is the
restriction of & to Dy xg, Uy C E4. This scheme carries a universal family
of singular principal bundles, (¢p,, T, )-

5.2. The Group Action and the Existence of the Quotient

There are two groups acting on D,. The action of the group SLps41 on Hy
lifts to an action on Dy, while the group GL,, is acting on both, Q, (1, k, P)
and H(V, s, k). The group GL,, leaves invariant D,, so GL,, is acting on D,
as well. Again, as in the fiber-wise problem, we can study the quotient by
studying separately the actions of C* and SL,, (see [20, Section 5.2]).

Let Z be the parameter space for swamps of the form ¢ : ((V ®
F)O) . Oy (see Sect. 4.4). The injective map (4) shows that there
is a well-defined morphism of Hy-schemes Swamp : D, — Z which is C*-
invariant and SL,-equivariant, injective and proper. Thus, it induces a mor-
phism Swamp : D, := D, /C* — Z which is SL,,-equivariant, injective and
proper. Finally, by Definition 2.5 and Theorem 4.4 we conclude that

SPB(p) 5" := Dy //(SLas41 % SLn)

exists and is projective, and there is a well-defined map Oy : SPB(/))‘;;’(;)s —
M, saisfying that ©_,'([X]) = SPB(p )5 (S)S/Aut( X) for any stable curve
[X] € M,.

5.3. Proof of Theorem 1.1

Using the same arguments as those given in [20, Proposition 5.1, Proposition
5.2, Theorem 5.3.], and the results of Sect. 4, it follows that SPB(p )5 )5 5 a

projective coarse moduli space for the moduli functor

isomorphism classes of pairs (Xr, (%7, 11, 4)),
where X7 is a stable curve of genus g flat over

SPBJPS’S)S(/))(T) =< T and (Fp,17,.4) is a family of J-(semi)stable
singular principal G bundles over T with Hilbert
polynomial P and type (a,b, Ox..)
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Let r € Nand h = 10(2g —2). Assume now that P(k) = (rh)k+r(1—g). This
is the Hilbert polynomial of coherent sheaves of uniform rank r and degree 0
over any stable curve X with polarization w}e}w. By [17, Lemma 8.1], there
exists a closed, hence projective, subscheme SPB(p)i:és)s coarsely representing
the sub-functor given by pairs (X, (&, 7)), where # has uniform rank r. The
restriction of O to SPB(p)EE;,gs)S gives the desired map, which we denote
by ©,. By [21, Theorem 3.7], there exists do, € Qsq, depending only on
a, b, P, such that the associated swamp of any d-semistable singular principal
G-bundle on a smooth projective curve of genus g, (F,7), is generically
semistable, and by [24, Corollary 4.1.2] and [25, Remark 2.3.4.4], this means
that (.#,7) is honest. Finally, [20, Paragraph 6.1] implies SPB(p)f:S)S =
Mx (G) for any § > do and any smooth projective curve of genus g. Therefore,
if § > Joo, we have O, *([X]) = Mx(G)/Aut(X) for every smooth projective
curve of genus g, so SPB(p)%S)S is a compactification of the moduli problem
defined by pairs (X, &), where X is a smooth projective curve of genus g

and & is a principal G-bundle.
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