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Abstract. Bose–Einstein Condensates have been recently proposed as dark matter candi-
dates. In order to characterize the phenomenology associated to such models, we extend
previous investigations by studying the general case of a relativistic BEC on a curved back-
ground including a non-minimal coupling to curvature. In particular, we discuss the pos-
sibility of a two phase cosmological evolution: a cold dark matter-like phase at the large
scales/early times and a condensed phase inside dark matter halos. During the first phase
dark matter is described by a minimally coupled weakly self-interacting scalar field, while in
the second one dark matter condensates and, we shall argue, develops as a consequence the
non-minimal coupling. Finally, we discuss how such non-minimal coupling could provide a
new mechanism to address cold dark matter paradigm issues at galactic scales.
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1 Introduction

The possibility that the Cold Dark Matter (CDM) paradigm for structure formation may
require modifications at small scales in order to properly account for the observed galaxy
dynamics has been largely investigated in recent years. Among the most pressing issues the
cosmological standard model is facing, must be mentioned the so called core-cusp problem
[1], the angular momentum problem [2] and the “too big to fail” problem [3–5]. Another
source of debate is represented by the observed correlations between dark and luminous mass
[6–8], which are hard to explain in the context of the CDM paradigm. In fact, even if the
introduction of baryons’ feedback into pure dark matter simulations have been shown to be
able to relax some of the above mentioned issues, still there is no general consensus on the
effectiveness of these mechanisms [9].

A nowadays popular alternative to CDM is the so called Warm Dark Matter (WDM),
i.e. a cosmological fluid with a small pressure, whose properties are intermediate between
those of hot dark matter and cold dark matter (for example for WDM structure formation
occurs bottom-up above its free-streaming scale, and top-down below its free streaming scale).
Albeit this proposal has several desirable properties there seems to be a growing evidence
that, in order to fit some of the extant observations, WMD has to be close to CDM to the
point of being unable to solve anymore the puzzles for which it was introduced in the first
place [10, 11]. This evidence has convinced many researchers that a sort of regime change,
between small and large scales in DM dynamics, is needed in order to fit current observations.

For these reasons many alternatives to standard CDM have been proposed in recent
years whose main novelty is the introduction of a new scale for DM below which the collapse
into denser regions is slowed down and tamed (such a scale being different in the different
mechanisms used to trigger it). All these models have to reduce to ΛCDM at scales larger than
hundreds Mpc where the standard model is extremely good at explaining the cosmological
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evolution as testified by Cosmic Microwave Background [12] and Large Scale Structure data
[13].

Among the competing theories stands the well known MOND paradigm [14] along with
its relativistic extensions, notably TeVeS theories [15]. MOND tackles the problem by modi-
fying the Newtonian dynamics in low acceleration regimes (the acceleration scale being given
by a0 ≈ 10−10m/s2); it has to be noted that while this model presents some problems at
cluster scale and bigger, it fits remarkably well the behaviour observed in galaxies, providing
also a natural explanation to the empirical relationship between the intrinsic luminosity of a
spiral galaxy and its velocity width (the Tully–Fisher relation) [14]. There remains however
several open issues also for this framework which appears to be very effective at galactic
scales but way less so for larger structures [16].

1.1 Non-minimally coupled DM

A different attempt to modify the DM dynamics so to implement a scale dependence is the
one advanced in [17] and further explored in [18, 19]; in these works it was shown that a
non-minimal coupling of the dark matter field to gravity may allow to retrieve MOND-like
phenomenology at galactic scales, while retaining the successes of the standard model of
cosmology at larger scales. One may be able, in this way, to keep the successes of both
ΛCDM and MOND in the regimes where they achieve the best results.

The basic mechanism behind this proposal consist in the fact that a non-minimally
coupled DM can be shown to provide a sort of effective geometry to the baryonic matter and
as such it can mimic a MOND-like scenario. In particular, the coupling can be chosen in
such a way for it to be relevant only in late-time cosmology and at galactic scales, where the
accelerations are low, while it is not present where accelerations are higher. In this way, for
example, one could also explain the apparent need for some amount of dark matter in clusters
in MOND; indeed in the centre of clusters, where accelerations are higher, the behaviour is
still as for CDM, while in the outskirts accelerations are low enough to permit the dynamics
to be MONDian.

In [18] the model was further expanded considering, instead than just a field, a fluid non-
minimally coupled to gravity. In this way it was possible to derive a Poisson equation in the
Newtonian limit where the gravitational potential was found to be not anymore dependent
just on the density, but also on gradients of the density. This allows to modify the dynamics in
such a way that it lets the formation of structures to be enhanced or suppressed as compared
to the standard scenario, thus in principle permitting to suitably fit the observed structure
formation. Of course, as said, for such a model to be viable it was required the non minimal
coupling might to develop in a dynamical way. Noticeably, among the possible mechanisms,
it was proposed the Bose-Einstein condensation of the dark matter fluid [18].1

1.2 DM as a BEC

The bold proposal of DM as a Bose–Einstein condensate (BEC), has recently gained some
attention as a possible alternative to the CDM framework within which conciliate many of
the thorny issues previously described. The phenomenon of boson condensation was theoret-
ically predicted almost ninety years ago [21–23], but it became part of experimental physics
only seventy years later [24] and since then its properties have been largely investigated in
laboratory [25]. A BEC consists in a large number of boson particles attaining a macroscopic

1See [20] for an application of NMC to the case of axion DM.
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occupation number of the ground state when the system is below some critical temperature.
When this happens the quantum particle nature of the ground state is substituted by a col-
lective one in terms of a classical scalar field, the condensate wave function, with the quantum
nature confined to small phononic perturbations above the ground state. A remarkable fact
is that, during the condensate phase, the BEC admits a hydrodynamical description in terms
of the particle density and velocity potential, and its equations closely resemble the conti-
nuity and Euler ones. This makes the extension to the astrophysical/cosmological context
straightforward even though some differences must be considered.

While the first appearance of BEC in the astrophysical context dates back to 1983 [26],
the application to dark matter has been proposed only some years later [27–34]. In these
works BEC has been described mainly via a non-relativistic, time-dependent Gross–Pitaevskii
equation characterised by an external potential (the trap) mimicking the gravitational poten-
tial associated with a galaxy. Such gravitational potential is generally determined by coupling
the Poisson equation to the Gross–Pitaevskii one and assigning a polytropic equation of state
to the condensate.

Some advantages of this scenario has been already pointed out in the aforementioned
references. First of all, in [30] it is shown how the Bose–Einstein condensate dark matter
model may be able to solve the core/cusp problem while in [35] a solution to the overabun-
dance of structures is proposed. Secondly, in [28] it has been shown, for a sample of Low
Surface Brightness galaxies and dwarf galaxies, that the rotation curves obtained form BEC
DM are in agreement with the observed ones, even though in [36, 37] it has been pointed out
how the solution found in [28] may not be stable. Furthermore, the bending angle of light in
gravitational lensing is found to be much larger than the value predicted by standard dark
matter models. This could be therefore a discriminating feature to test the validity of the
model and indicates that the inclusion of BEC DM in a more formalized setup is required.
Further analysis of this framework phenomenology can be found in [29–35] while an extensive
review of such models is found in [38].

1.3 Non-minimally coupled BEC as DM

In this paper we shall try to further explore the proposal put forward in [18] by explicitly
considering the possible role of Bose–Einstein condensation in providing a dynamical mech-
anism for the development of a non-minimal coupling. To do so we shall necessarily have to
go beyond the so far accomplished BEC DM analyses [27–34] as these studied mainly the
dynamics of a non-relativistic condensate. This is not quite the right ansatz to fully couple
a BEC to gravity and most of all cannot entail the possibility of non-minimal couplings.2

Furthermore, most of these models end up requiring some sort of ultralight boson, with mass
of order 10−22 eV, to provide the required pressure support to produce suitably cored profiles
and to suppress small scale power spectrum [40].3 However, with such a small mass one might
wonder if considering the condensate as non-relativistic is a justified assumption.

We shall then consider a fully relativistic Bose–Einstein condensate coupled to gravity,
including a non-minimal coupling, so to explore the viability of the mechanisms proposed in
[17, 18] and most of all explore the dynamics implied by such a complete framework. The
paper is organized in the following way: in section 2 we give a brief recap of the relativistic

2Actually there is an example of a model trying to treat the condensate as relativistic [39], but also in this
case the relativistic treatment is limited to analyzing the complex scalar field in a field theoretical guise and
the derived relativistic Gross–Pitaevskii equation is not consistently used in a general relativistic framework.

3See however [41] for a counterexample.
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BEC in flat space, then in section 3 we construct the model for non-minimally coupled BEC in
a general relativistic framework, deriving the equations of motion for the condensate and the
modified Einstein equations and investigating the Newtonian limit, in particular the resulting
modified Poisson equation while in section 4 we discuss the phenomenology expected. Finally
in section 5 we shall draw our conclusions.

2 Elements of relativistic BEC in flat space

In this section we will briefly introduce the formalism for relativistic BEC referring to [42]
and references therein for details.

The Lagrangian density for an interacting relativistic scalar Bose field φ̂(~x, t) is

L =
1

c2

∂φ̂†

∂t

∂φ̂

∂t
− ~∇φ̂† · ~∇φ̂−

(
m2c2

~2
+ V (t, ~x)

)
ρ̂− U(ρ̂, λi) (2.1)

being V (~x, t) some external potential and U a self-interaction term in the form

U(ρ̂, λi) =
λ2

2
ρ̂2 +

λ3

6
ρ̂3 + . . . (2.2)

where ρ̂ = φ̂†φ̂ is the density operator and λi are the coupling constant which may also depend
on spacetime coordinates. The first term corresponds to the usual two particle interaction
λφ4 while the other terms in the series corresponds to many body interactions.

The Lagrangian density (2.1) is invariant under a global U(1) transformations, whose
associated conserved current is

jµ =
i

2

(
φ̂†∂µφ̂− φ̂∂µφ̂†

)
. (2.3)

to which corresponds the conserved ensamble charge N − N̄ , where N (N̄) is the number
of bosons (anti-bosons). For a non interacting BEC the conserved charge can be written in
terms of the average number of bosons nk and anti boson n̄k in an energy state Ek [43]

N − N̄ =
∑
k

nk − n̄k , (2.4)

where

nk(µ, β) = 1/{exp[β(|Ek| − µ)]− 1} , n̄k(µ, β) = 1/{exp[β(|Ek|+ µ)]− 1} , (2.5)

where µ is the chemical potential, E2
k = ~2c2k2 + m2c4 is the energy of the state k and

β = kBT , being T the temperature and kB the Boltzmann constant. This allows to find the
relation between the critical temperature and the conserved charge density n ≡ (N − N̄)/V ,
where V is the volume of the system,

n = C

∫ ∞
0

dkk2 sinh(βcmc
2)

cosh(βc|Ek|)− cosh(βcmc2)
, (2.6)

where we have used the fact that at the critical temperature the chemical potential is µ = mc2

[43] and where C is a constant given by

C =
1

4π3/2Γ(3/2)
. (2.7)
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From this expression can be derived the ultrarelativistic and non-relativistic relations between
the critical temperature and the density of particles in a given state, namely

kBT
NR
c =

2π~2

m

[
n

ζ(3/2)

]2/3

, (2.8)

kBT
UR
c =

[
~3cΓ(3/2)(2π)3

4mπ3/2Γ(3)ζ(2)

]1/2

n1/2 , (2.9)

where ζ is the Riemann zeta function and m is the mass of the boson.
When T � Tc the behavior of the scalar field is that of a standard self-interacting

quantum field. However, when T � Tc the scalar field undergoes a phase transition and
almost all particles condense and end up occupying the ground state of the system. During
this phase the condensate can be described as

φ̂ = φ(1 + ϕ̂) (2.10)

where φ is the condensate wave function, a classical field which describes the collective be-
havior of the ground state, while ϕ̂ represents quantum excitations. With this decomposition
and neglecting exited states, the non-linear Klein–Gordon equation becomes

�fφ+

(
m2c2

~2
+ V (t, ~x)

)
φ+ U ′φ = 0 , (2.11)

where prime indicates derivatives with respect to ρ and where we have introduced the
Minkoski metric ηµν = diag[−1, 1, 1, 1], the subscript f indicates we are working in flat space-
time, so that

�fφ = ηµν∂µ∂νφ = − 1

c2

∂2φ

∂t2
+∇2φ . (2.12)

We stress that equation (2.11) exactly reduces to the Gross–Pitaevskii one in the non-
relativistic limit, as shown below.

In the condensate phase the BEC wave function φ admits a useful description in terms
of the Madelung representation, in which the classical complex field is split into an amplitude
ρ and a phase θ

φ =
~
m

√
ρm

2
eiθ , (2.13)

where we have defined

ρm ≡
2m2

~2
ρ (2.14)

which has the dimensions of a mass density. This redefinition can always be used, being ρ
and θ the probability density and the phase of the field, but in the case of a BEC they assume
the physical meaning of the measured density and of velocity potential, in the non-relativistic
limit.

Substituting these variables in the Klein–Gordon equation and in the current conserva-
tion and defining the 4-vector uµ = ~/m∇µθ, we obtain the fluid equations

∇µ(ρmu
µ) = 0 (2.15)

−uµuµ = c2 +

(
2U ′(ρm)− ~2

m2

�f
√
ρm√
ρm

)
, (2.16)
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where from now on the prime indicates derivatives with respect to ρm. The first equation
represents the conservation of the current jµ = ρm~uµ/m and closely resembles the standard
continuity equation for fluids. However, the second one is not the Euler equation but rather a
constraint equation for the norm of the 4-vector uµ, whose zero component u0 can be shown
to be related to the chemical potential [42]. In fact, uµ is not the standard 4-velocity, as
is clear from the fact that it is not normalized to unity as for perfect fluids. Indeed, uµ is
related to the fluid 4-velocity vµ by

vµ =
uµ
√
uµuµ

(2.17)

as is discussed in appendix A, where also relations between hydrodynamical and BEC vari-
ables are computed. Despite this, it is possible to write the second equation in (2.15) in the
form of an evolution equation for uµ, by taking the derivative with respect to ∂ν

− uµ∂µuν = ∂νU
′ − ∂ν

(
~2

2m2

�f
√
ρm√
ρm

)
, (2.18)

where we have used the property ∂νuµ = ∂µuν which can be easily derived from the definition
of uµ. We will see in the following how this equation coincides with the Euler equation when
quantum properties of the BEC can be neglected (Thomas–Fermi limit). To better appreciate
this, it is useful to rewrite equation (2.15) as

− uµuµ = c2 − U ′
(

1− 2ξ2�f
√
ρm√
ρm

)
, (2.19)

where we have introduced, in analogy with the non-relativistic case, the healing length of the
condensate ξ2 = ~2/(2m2U ′) which characterises the typical scale of time/space variations
of the condensate amplitude. Whenever these happen on scales quite larger than ξ we can
neglect the quantum pressure term and the Thomas–Fermi limit applies.4

As a concluding remark we recall that the system (2.15) is completely equivalent to the
non-linear Klein–Gordon equation (2.11).

3 Non-minimally coupled relativistic BEC

We now proceed to the generalization of the relativistic BEC theory in the case of curved
spacetimes. The standard procedure employs the minimal coupling principle, just substitut-
ing the Minkowski metric with a spacetime dependent one and the derivatives with covariant
ones. However, underlying this procedure there is the assumption that matter does not cou-
ple directly to second derivatives of the metric thus allowing to neglect them in small enough
regions of spacetime. But this may not be the case if the physics of the matter component is
such that it directly probes curvature, thus being able to distinguish at a fundamental level
if spacetime is curved or not.

We have seen that one of the characteristics of a BEC is the existence of a typical length
scale, the healing length ξ, that regulates the minimal size at which the classical, collective,
fluid description is valid through the quantum pressure term in equation (3.27). As such, it
forbids shocks and in general sharp changes in the density distribution on scales smaller than

4For a detailed description of this issue in the non-relativistic limit see [44].
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ξ. This physical characterisation of the BEC can be easily extended to relativistic BECs (see
e.g. [42]). The question we want to address now is what happens when one generalizes from
flat to curved spacetimes the dynamics for a fluid endowed with a macroscopic coherence
length. In particular, for a BEC when moving to curved spacetimes the problem changes
from a single scale (the healing length) to a two scales problem (healing and curvature).
Hence, it should be expected the presence of extra interactions between BEC and geometry
besides the ones provided by the volume element when the two scales are of the same order
of magnitude.

We argue here that, when in the condensed phase, the scalar field must couple to
curvature terms with a characteristic length scale provided by the healing length. There are
not many ways that this can be implemented with a scalar field requiring second order field
equations for both the metric and the scalar field. Indeed only two couplings are possible 5

XR and Gµν∇µφ∇νφ , (3.1)

where φ is the BEC field and X = ∇µφ∇µφ/2 is its kinetic term. However, these two
terms are equivalent modulo a surface term [45] and hence we will only deal with the one
proportional to the Einstein tensor Gµν . This, in order to have the correct dimensions, must
be multiplied by a constant with the dimensions of a length.

This is a crucial point because we argue that such non-minimal coupling should always
be considered when the scalar field is in the condensate phase and its characteristic length is
of the same order as the curvature one. On the contrary, in the non condensed phase, such
term cannot be generated dynamically given that before condensation the healing length
does not exist and hence no natural scale can be introduced.6 Also, this issue points out a
fundamental difference with the other cosmological fluids: for these there is no cosmologically
relevant length scale7 and hence their fluid description can be made in the flat spacetime limit.

For this reason we will investigate a model in which, besides the standard generaliza-
tions to curved spacetimes, we introduce a non-minimal coupling between the scalar field
derivatives and the Einstein tensor in the form

L2Gµν∇µφ̂†∇ν φ̂ , (3.2)

where L is a some length scale characteristic of the system that we shall expect to be of the
order of the BEC healing length ξ.8

5Another possibility is to consider a conformal coupling of the type ρR, but in this case no intrinsic length
scale appears and it is not clear why the condensation should lead to such coupling if previously absent.

6Notice that even if from a field theoretical point of view nothing forbids the presence of such coupling
between scalar field and the Einstein tensor, with the limitations imposed by the Horndeski theorem, to be
present also in the non condensed phase, such coupling would be present at all scales and all times (see
e.g. [20]).

7Actually all fluids have a characteristic length, the mean free path. For cosmological fluids this is however
so small, compared with astrophysical sizes, that can be safely neglected. This is obviously not the case of
CDM, which being pressureless has in principle an infinite mean free path, and hence does not admit a proper
fluid limit. Of course if one assumes DM to be very weakly interacting then it would admit a finite mean
free path. However, in this case it is not clear if this would be short enough so to be negligible on the typical
scales on which the fluid approximation is used.

8In principle we could have considered a more general coupling by including a generic function f(φ†φ) in
front of the Einstein coupling. However, for the economy of this work it is enough to consider the above term,
even if the more general coupling has to be considered when comparing the predicted phenomenology with
real data.
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3.1 Action and equation of motions

The non-minimally coupled relativistic BEC just introduced is described by the following
action

S =

∫
d4x
√
−g
[

c3

16πGN
R+

1

c
Lφ
]

+ ε

∫
d4x
√
−g
[
L2

c
Gµν∇µφ̂†∇ν φ̂

]
, (3.3)

where Gµν is the Einstein tensor, GN is the gravitational constant and ε is a unitary di-
mensionless constant which can take up values ε = ±1, being the sign of the non-minimal
coupling not determined a priori; this constant is also useful as a sort of bookeeping parame-
ter to easily keep track of the effects of the NMC. The Lagrangian density for the Bose field
is the generalization to curved spacetimes of (2.1)

Lφ = −gµν∇µφ̂†∇ν φ̂−
m2c2

~2
ρ̂− U(ρ̂) . (3.4)

Notice that, differently from the flat space case, we are not considering any external potential
because in our case there are no external fields other than the gravitational one, which is
already taken into account by the coupling of the field to the metric and its derivatives.

Taking the variation of the action (3.3) with respect to the scalar field we obtain the
modified Klein–Gordon equation for the condensate wave function

(
gµν − εL2Gµν

)
∇µ∇ν φ̂−

(
m2c2

~2
+ U ′(ρ̂)

)
φ̂ = 0 . (3.5)

Here noticeably, the structure of the equation is the same we would obtain with a minimally
coupled field with the exception of the derivative structure which is changed by the presence
of the NMC. In particular, we can define an effective derivative operator

�̄ =
(
gµν − εL2Gµν

)
∇µ∇ν , (3.6)

which contains all the effects of the non-minimal coupling. As a consequence we have that,
compared with a minimally coupled BEC, the acceleration is reduced or enhanced by the
NMC for a fixed source. However, one must be careful about possible zeros of the effective
derivative operator. In particular, at the leading order in the ε parameter, we have

�̄ =

(
gµν −

8πGN
c4

εL2Tmatter
µν +O(ε2)

)
∇µ∇ν , (3.7)

which shows how the change in the modulus of the derivative operator depends on the matter
content and that for very high density regions the operator may become singular. Anyway,
as already discussed in a different context [46], only a full dynamical analysis can state under
which conditions this can happen (and eventually be used to fix the sign of the NMC, ε).
Moreover, the weak field limit (which will be mostly relevant for the confrontation with
observations) is in the end free of such ambiguities.

The variation of Lφ with respect to the metric gives the stress-energy tensor (SET) for
the minimally coupled field

T φµν = ∇µφ†∇νφ+∇µφ∇νφ† − gµν
(
gαβ∇αφ†∇βφ+

m2c2

~2
ρ+ U(ρ)

)
, (3.8)
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while the same variation of the non-minimal coupling part gives

TµνNMC = L2
[
gµνGαβ∇αφ†∇βφ+Rµνgαβ∇αφ†∇βφ−R∇µφ†∇νφ

+ gσµ∇α∇σ(φ†αφν + φ†νφα)−�(φ†µφν)− gµν∇α∇β(φ†αφβ)

+(gµν�−∇µ∇ν)(φ†αφα)
] (3.9)

with φα ≡ ∇αφ. This contribution to the SET contains curvature terms, as expected, and
field derivatives up to third order. However, it has to be noted how these higher derivatives
can be eliminated in favor of curvature terms so that both the Einstein field equations and
the field equations derived from the covariant conservation of the total SET are at most
second order. This is a natural consequence of the fact that the action (3.3) is a subcase of
the Horndeski one [45].

Finally, the Einstein field equations are

Gµν =
8πG

c4

[
T φµν + εTNMC

µν

]
. (3.10)

We stress that, despite the appearances, these equations are not the standard one as in the
second term on the RHS are hidden curvature quantities.

3.2 Fluid representation

In section 2 we have pointed out how, when T � Tc, the ground state of the condensate can
be described by a classical complex field φ that can be rexpressed with the fluid variables ρ
and θ. When expressed in terms of these we obtain for the minimally coupled SET of the
field

T φµν = ρmuµuν − gµν
(
ρm

c2 + u2

2
+

~2

2m2
∇α√ρm∇α

√
ρm + U(ρm)

)
+

~2

m2
∇µ
√
ρm∇ν

√
ρm

(3.11)
and for the stress-energy tensor of the non-minimal coupling term

TNMC
µν =

L2

2

[
gµνGαβ

(
ρmu

αuβ +
~2

m2
∇α√ρm∇β

√
ρm

)
+ +Rµν

(
ρmu

2 +
~2

m2
∇α√ρm∇α

√
ρm

)
+ R

(
~2

m2
∇µ
√
ρm∇ν

√
ρm + ρmuµuν

)]
+ 2L2∇µ∇α

(
~2

m2
∇α
√
ρm∇ν

√
ρm + ρmuαuν

)
− L2�

(
~2

m2
∇µ
√
ρm∇ν

√
ρm + ρmuµuν

)
− L2gµν∇α∇β

(
~2

m2
∇α
√
ρm∇β

√
ρm + ρmuαuβ

)
+ L2(gµν�−∇µ∇ν)

(
~2

m2
∇α√ρm∇α

√
ρm + ρmu

αuα

)
,

(3.12)

where we have introduced the squared norm of the 4-vector uα, u2 ≡ uαuα. This nota-
tion is particularly useful because shows how, when we neglect terms proportional to ~2,
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i.e. quantum terms, and NMC, we recover the SET for a standard perfect fluid as discussed
in appendix A.

Substituting (2.13) inside the equation of motion (3.5) we obtain the equation of motion
for the condensate in the fluid limit9(

gµν − εL2Gµν
)
∇ν(ρmu

µ) = 0 , (3.13)

−
(
gµν − εL2Gµν

)
uµuν = c2 + 2U ′(ρm)− ~2

m2

(
gµν − εL2Gµν

) ∇µ∇ν√ρm√
ρm

. (3.14)

As we have already discussed, the NMC changes the derivative structure of the equations
with respect to the flat case (2.15) given that indices contractions are made with respect to
the effective metric ḡµν = gµν −εL2Gµν which is built with the Einstein tensor. This in turns
is related to the BEC SET through the Einstein equations, meaning that the effect of the
NMC is to introduce a new dependence on the local BEC fluid variables in the equations
of motion. Interestingly, the non-minimal coupling affects the relativistic quantum pressure
term potentially enhancing its effects as compared to the flat space case.

We will not discuss these equations in their full generality here, leaving it for further
studies, even if we will anticipate some of the expected phenomenology in section 4. Instead,
in the next section, we will see how the modification introduced by the NMC to the Einstein–
Klein–Gordon system affect the dynamics in the non-relativistic regime.

3.3 Newtonian limit

The Newtonian regime is obtained by taking the weak field limit of the gravitational interac-
tion. This is a meaningful approximation for low density and small velocity physical systems
and is particularly suited for the investigation of gravitational dynamics at galactic scales.
In order to do so we need to properly expand the metric gµν → ηµν + hµν where ηµν is the
Minkowski metric and hµν is a small perturbation. It is then convenient to define

h̄µν = hµν −
1

2
ηµνh → hµν = h̄µν −

1

2
ηµν h̄ (3.15)

and using the transverse gauge ∂µh̄µν = 0, we have at first order

G(1)
µν ≡ −

1

2
�h̄µν =

8πGN
c4

Tµν → �h̄µν = −16πGN
c4

[
T φµν + εTNMC

µν

]
. (3.16)

In order for weak gravity to be a consistent description we need to consider low densities
and slow motion so that time derivatives can be neglected when compared to spatial ones.
With these considerations, the SET has to be taken at zeroth order in hµν thus making the
curvature terms in (3.12) vanish. One then gets

Tµν = ρmuµuν − ηµν
(
ρm

c2 + u2

2
+

~2

2m2
∂α
√
ρm ∂α

√
ρm + U(ρm)

)
+

~2

m2
∂µ
√
ρm ∂ν

√
ρm ,

(3.17)

9These equations can also be derived by writing the conserved current jµ and the SET in terms of ρ and
θ and use their covariant conservations.
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TNMC
µν = L2∂µ∂

α

(
~2

m2
∂α
√
ρm ∂ν

√
ρm + ρmuαuν

)
− L2

2
�

(
~2

m2
∂µ
√
ρm ∂ν

√
ρm + ρmuµuν

)
− L2

2
ηµν∂

α∂β
(

~2

m2
∂α
√
ρm ∂β

√
ρm + ρmuαuβ

)
+
L2

2
(ηµν�− ∂µ∂ν)

(
~2

m2
∂α
√
ρm ∂α

√
ρm + ρmu

2

)
.

(3.18)

To compute the Newtonian limit we consider the form of (3.16) and recall that from
(2.15) in the non-relativistic limit the fluid variables behave like u0 → c and ~u→ ~v (3-velocity
of the fluid) which dramatically reduces the number of terms that are relevant in the weak
field limit. In particular, the Poisson equation can be derived from the (00) component of
the linearized Einstein equations. Identifying h00 ≡ −2ΦN/c

2, we obtain

∇2ΦN = 4πGN
(
ρm − εL2∇2ρm

)
. (3.19)

This result is analogous to the one obtained in [18] for standard NMC perfect fluids. However,
in that case, the particular coupling chosen here would lead to no corrections in the weak
field limit in contrast with what obtained here thus signalling a difference in the behavior of
standard fluids with respect to BECs. This is evident if we compare the shape of the NMC
in the two cases. For a perfect fluid we have

f(ρ)Gµνv
µvν (3.20)

where vµ is the fluid four velocity. It can be shown that such coupling will lead to no
contributions to the Poisson equation in the non relativistic limit (see [18]). For a BEC the
coupling reads

Gµν∇µφ∇νφ† =
ρm
2
Gµνu

µuν +
~2

2m2
Gµν∇µ

√
ρm∇

ν√ρm (3.21)

where besides the standard fluid coupling there is a new contribution related to the quantum
nature of the BEC which is absent in the case of as perfect fluid (3.20). Finally, notice
that, even if no explicit quantum term is present in the weak field limit, its presence it is
nonetheless hidden in L2 as we will discuss in section 4.

The (ij) components of the Einstein equations are

∇2hij = −8πGN
c2

[
ρm

(
1 + εL2∇2ρm

ρm

)
δij + εL2∂i∂jρm

]
. (3.22)

This potential is composed by a diagonal part plus an anisotropic part and it is a new potential
besides the Newtonian one thus making clear that the NMC excites new gravitational degrees
of freedom in the weak field limit.

We now turn our attention to the the Newtonian limit for the non-minimally coupled
fluid equations (3.13). We can in this case safely neglect the terms induced by the NMC as
they would generically lead to subleading corrections. Hence, we recover the equations of
motion for a minimally coupled RBEC, namely

∇µ(ρmu
µ) = 0 , −uµuµ = c2 + 2U ′ − ~2

m2

�
√
ρm√
ρm

. (3.23)
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The Newtonian limit of the continuity equation is easily obtained and gives the standard
equation

∂ρm

∂t
+ ~∇ · (ρm~v) = 0 . (3.24)

In this regime anti-bosons can be neglected [42] so that now the density ρ is really the matter
density of the non-relativistic BEC fluid. The second equation in (3.23) is an equation for
the norm of uµ, not an evolution equation for the 4-vector uµ. However, as in the flat space
case, we can make it such by taking a gradient on both sides of the equation. Hence we have

− uµ∇µuν = ∇ν
(
U ′ − ~2

2m2

�
√
ρm√
ρm

)
. (3.25)

Expanding the covariant derivative and accounting for all the terms with the same order in
1/c2 we obtain

m
∂

∂t
~v = −m(~v · ~∇)~v − 1

ρm

~∇P (ρm)−m~∇ΦN +
~2

2m
~∇
(
∇2√ρm√

ρm

)
(3.26)

where we have defined P = (U ′(ρm)ρm − U(ρm)). Formally, this is exactly the dynamical
fluid equation derived from the time-dependent Gross–Pitaevskii equation (see for example
[44] for a review) when the external potential is given by the gravitational one and when the
self-interaction potential is U(ρm) = λρ2

m. However, the Poisson equation (3.19) is modified
by the presence of the NMC and hence the gravitational potential entering in this equation
is no more the standard Newtonian potential, but rather it will show a different behavior. In
particular, this can be seen as an extra force which reduces/enhances the effects of gravity.
As a concluding remark we rewrite the velocity equation as

m
∂

∂t
~v = −m(~v · ~∇)~v −m~∇ΦN + ~∇

[
Ū ′(ρm)

(
1− ξ2∇2√ρm√

ρm

)]
, (3.27)

where Ū ≡ mU and ξ2 = ~2/(2mŪ ′) is again the healing length. This form for the equation
is convenient when investigating the different weights of the two pressure effects.

4 Phenomenology

We have discussed how the existence of a characteristic length for the system makes the BEC
fluid sensible to second derivatives of the metric, thus activating the NMC. In order for this
to happen, the scalar field must have undergone the phase transition i.e. its temperature
must be below the critical one. However, this is not enough. In fact, in order to make the
mechanism effective, the characteristic scales of the BEC and of curvature are required to be
of comparable size. This fact naturally splits the evolution of the scalar field into two stages
which we now describe.

High temperature - low curvature phase. Initially the scalar field is at T > Tc and
hence its behavior is described by a standard minimally coupled self-interacting field.
In order to reproduce the observed cosmological evolution the scalar field must have a
small self-interaction, i.e. it must be almost pressureless, and it must be non relativistic,
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meaning the velocity of particles must be small compared to the speed of light. Hence,
its critical temperature is given by

kBT
NR
c =

2π~2

m

[
n

ζ(3/2)

]2/3

. (4.1)

and we can neglect the anti-bosons as their number is very small in this regime [42].
Notice that this temperature has the same scaling behavior as that of a pressureless
fluid [47]. Hence, given that the scalar field is evolving almost as CDM, if at the onset
of the epoch during which it dominates the energy budget of the universe the scalar
field is above the critical temperature it is expected to be always so. Hence, the NMC
terms are not present at the background and linear perturbation level so that our model
is expected to produce the same evolution given by the ΛCDM model at large scales
provided that the self-interaction is small enough.

Low temperature - high curvature phase. According to the discussion of the previous
paragraph, if the boson field is above the critical temperature while it is dominating the
energy density of the Universe, it will never undergo the transition. It then seems to
be impossible for it to activate the non-minimal coupling. However, when we consider
collapsed structures we have that the BEC is confined in an external potential provided
by the gravitational one thus having a situation analogous to the one realized for
a trapped BEC. In this case the critical temperature has a very different behavior
becoming dependent on the characteristics of the trapping potential. For example for
a BEC in an harmonic trap we have [48]

kBTc = ~ω
(
NB

ζ(3)

)1/3

(4.2)

showing that now the critical temperature is proportional to the frequency ω of the
trapping potential. Hence, it might be that during the collapse the critical temperature
becomes high enough, inside the potential wells provided by the gravitational potential,
to allow for the condensation to happen. Interestingly, an attractive interaction further
increases the critical temperature, thus leading to a second welcome feature [48]. It has
to be noticed however, that such attractive interaction will generically lead to a BEC
instability whenever not very small [49].

When the DM temperature drops below Tc, the scalar field condenses and develops a
coherence length thus activating the NMC so that its dynamics inside the galaxy halo is
given by the model described in the previous sections, provided that we identify L2 ∝ ξ2,
which is justified by the fact that the healing length is the only new length scale that
has appeared in the system after the condensation. We will see in the next paragraph
that in order to be effective in addressing the CDM issues discussed in the introduction,
we need the healing length to be of the order of the kpc. Of course, a healing length
of astrophysical scales might seem quite an extreme requirement (common anyway to
all the DM as BEC proposals) but one has to keep in mind that DM does not need,
and most probably cannot have, the same typical scales for mass, scattering length and
densities, as those encountered in Earth based BEC experiments. Indeed, very weak
self-interactions and very low densities might be be expected and consequently very
long healing lengths are not unconceivable.
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Furthermore long living quantum coherence could be assured by the very nature of
DM, which feels any other matter field only gravitationally.

NMC Phenomenology As we have described in the previous paragraph the model pro-
posed mimics ΛCDM model on large, cosmological scales while may present departures
from the standard paradigm of structure formation at small scales. To sketch the pos-
sible virtues of our NMC model for DM at galactic scale we will here discuss its effect
on the density profile around a spherically symmetric DM halo.

Initially the NMC is not present as the gravitational well generated by the DM distri-
bution is not deep enough to trigger condensation. Hence, we expect that the matter
infall goes on as in the standard DM scenario. N-body simulations give a density profile
that is well fitted by the Navarro–Frenk–White (NFW) profile ρNFW = ρsyNFW(x) [50],
where the NFW shape function yNFW is given by

yNFW(x) =
1

x(1 + x)2
, (4.3)

where x = r/rs, being ρs and rs free parameters to be fitted with simulations. In the
limit of small radii the NFW profile goes like ∼ x−1 which has been at the origin of much
debate since in general observations are more in agreement with cored density profiles
like the isothermal [51] or Burkert [52]. In figure 1 are plotted the shape functions for
these cases. It is evident the cuspy behaviour of the NFW function as compared with
the cored one of the isothermal and Burkert functions.

At a certain point the gravitational potential may overcome the critical value for the
condensation thus activating the NMC. Hence, the gravitational potential receives extra
contributions through the Poisson equation (3.19). In particular, we have that for the
previous choice of the density profile we can construct an effective shape function

yeff(x) =
1

x(1 + x)2

[
1− 6εL̃2 1

(1 + x)2

]
, (4.4)

where L̃ = L/rs. Interestingly, in the small radii limit

lim
x→0

ρeff ∼
1

x

[
1− 6εL̃2(1− 2x)

]
, (4.5)

where it can be seen that the small scale x−1 trend is now corrected by a constant
value.

The requirement of flattening the shape function close to the center of the halo forces
the sign of the NMC to take the value ε = +1. In figure 2 are reported the shape
functions when the NMC is included for various values of L̃ and ε = 1, for an initial
NFW profile. As can be easily seen for the value L̃ = 1

√
6 the shape function reaches an

almost constant profile in the inner part of the DM halo, thus potentially relaxing some
of the well known CDM issues. In physical units this correpsonds to a characteristic
scale L = rs/

√
6 ≈ 0.4rs. In order to get an estimate on the size of the required healing

length we recall that rs is correlated to the virial mass of the halo via [53]

rs ≈ 8.8

(
Mvir

1011M�

)0.46

kpc , (4.6)
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Figure 1. Different profiles for the DM halo shape function. It is evident the cuspy behaviour of
NFW profile, while both Isothermal and Burkert profiles show a constant central density profile.

thus leading to a kpc size healing length (see also [54]). In figure 3 we have plotted the
effective density profile for two choices of the parameter L̃ and compared them with
the NFW and Burkert profile. It is clear that for the critical value the original NFW
profile becomes a cored one as a consequence of the NMC corrections. Of course, this
result might seem to point toward the need of some sort of fine tuning for the model to
avoid the cusp problem. It is however clear that such conclusion would be premature
as in reality the healing length and the DM profile would not be independent. Only a
self-consistent analysis of the developed profile for the DM condensate would provide
a definitive answer in this sense. However, we feel that this preliminary analysis is
enough promising to stimulate further attention in this sense.

To summarize, the model proposed produces a cosmology in which the dynamics of DM
is given by a standard scalar field, possibly with a small attractive self-interaction which
mimics standard CDM evolution until the gravitational potential is high enough to trigger
the phase transition thus activating the NMC. This in turns would produce a relevant change
in the dynamics in comparison with the one predicted by the ΛCDM model.

In order to be fully viable the model must be compatible with solar system and local
constraints on gravitational interactions. We argue here that there are at least two reasons
why we expect it to be so. On one hand, local dynamics is dominated by baryons. On the
other hand, the scalar field density has to be almost constant at these scales in order to
produce a cored DM density profile, thus making the NMC contributions negligible.

5 Conclusions

DM still represents a daunting enigma, both for particle physics as well as for astrophysics
and cosmology. Nowadays, we are assisting, under the growing pressure of the observational
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Figure 2. Effective shape function for different values of the parameter L̃ with an initial NFW (4.3)
profile. The two top lines represents small values for L̃ and results in profile closer to the initial NFW.
The thick central line corresponds to the choice L̃ = 1/

√
6 and shows a cored effective shape function.

The two bottom lines corresponds to large values of L̃.
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Figure 3. NMC profiles obtained from an initial NFW profile compared with standard NFW and
Burkert profile. Notice that a cored distribution is obtained for the critical value L = rs/

√
6 (solid

blue curve).

evidence, to a slow regress from the standard cold dark matter scenario towards warm dark
matter ones or even a resurgence of many modified gravity proposals. None of the models
is fully satisfactory, warm dark matter seems constrained so much to be too close to CDM
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for solving the aforementioned problems [10], while modified gravity models seems successful
only at galactic scales [16].

This work further explores a scenario possibly able to conjugate the successes of CDM
to some ideas advanced in the modified gravity field [17–19, 45]. In this scenario an almost
cold DM (apart from a weak self-coupling) undergoes a dramatic phase transition in denser
regions at late times forming large relativistic BECs which, having a natural coherence length
— the healing one — develop a non-minimal coupling which in turn allows for a geometric-like
influence of dark matter on the baryonic fields [17].

To this end we have investigated the dynamics of a fully relativistic BEC with a non-
minimal coupling to gravity characterised by a length scale (and of course our results can
be easily reverted to the minimally coupled case by sending this scale to zero). Within this
fully relativistic framework we have looked at the Newtonian limit and found a quite simple
modified Poisson equation (3.19). This is one of the most relevant results of our investigation
as it shows how the non-minimal coupling associated to the presence of the healing length
of the condensate modifies the non-relativistic dynamics by introducing a non-local term
L2∇2ρm on the right hand side of the equation for the gravitational potential. This term
represents a departure from the standard dynamics of CDM and a possible signature of the
proposed scenario. As a first application we have shown how an initial NFW density profile
is indeed flattened at small radii by the presence of the NMC as can be seen from the small
radii limit of equation (4.4) and figure 3 thus testifying how this model may relax some of
the issues of the ΛCDM at small scales.

Given the obtained results it is now possible to proceed to the next step which will
consist in confronting the model with observations. There are relatively few free parameters
in our theory (the mass of the DM candidate, its scattering length/self interaction strength
and its average densities) and it would be interesting if reasonable values for these parameters
would already allow the model to fit the wealth of observations at our disposal. For example,
one might investigate what kind of constraints on the relative self-interaction strength can be
derived by objects like the Musket cluster [55] and see if this is compatible with the healing
length values required in order to fit the core cusped profiles observed in galactic holos. We
hope that this and further analysis we be accomplished in a near future on the basis of this
work.

Finally let us stress that, while our work motivations where firmly rooted in the current
DM puzzles, the relevance of the model proposed goes well beyond this field. Indeed, the
possible role of relativistic BEC for experimental tests of the effects of gravity on quantum
physics was recently highlighted (see e.g. [56]). In this direction our investigation might be
used as a starting analysis of systems characterised by a general BEC-gravity coupling.
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A Fluid representation

In this appendix we provide the relevant relations between BEC and fluid variables in the
relativistic regime. In fact, if in the non relativistic regime there exists a direct relation
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between the two fluid representations, this is somewhat lost in the relativistic generalization.
This is indeed a relevant point which deserves attention in order to avoid to misinterpret the
meaning of the dynamical variables.

Consider a BEC in the Madelung representation as discussed in section 2. The equation
of motion and the SET are

∇µ(ρmu
µ) = 0, −uµuµ = c2 + 2U ′(ρm)− ~2

m2

�
√
ρm√
ρm

(A.1)

Tµν = ρmuµuν − gµν
(
ρm

c2 + u2

2
+

~2

2m2
∇α√ρm∇α

√
ρm + U(ρm)

)
+

~2

m2
∇µ
√
ρm∇ν

√
ρm

(A.2)
where we have defined uµ = ~/m∇µθ and 2m2ρ/~2 = ρm. Recall that for a complex scalar
field we have the conserved current

jµ = ρmu
µ (A.3)

and in fact the equations of motion follows from the conservation of the current and SET.
The above description of the BEC dynamics is referred to as the hydrodynamic version

of the non-linear Klein–Gordon equation. However, the identification of these variables with
standard fluid ones is not straightforward. It is clear from the second equation that the
4–vector uµ is not the fluid 4-velocity as its norm is not unity. Moreover, the conservation
equation refers to the conservation of the charge, not to the energy density. However, the
fact that in the non-relativistic limit the above system resembles very closely the one for a
fluid, makes the investigation of the relationships between BEC hydrodynamic variables and
fluid ones worth to be explored.

A relativistic fluid can always be described by the following SET

T fluid
µν = εvµvν + (πµvν + πνvµ) + Ψµν +

1

3
hµνT , (A.4)

where ε is the fluid energy density, πµ is the 4-momentum, Ψµν is a traceless tensor and vµ

is the fluid 4-velocity, normalized such that vµv
µ = −1. Also we can express the conserved

current as
jµ = nsv

µ , (A.5)

where ns is the hydrodynamic variable associated to the charge conservation, different from
ρm. By cmparing the EMT for the BEC and that for the fluid we obtain the following
identifications:

vµ =
uµ√
−u2

, ε = −u2ρm , (A.6)

πµ =
~2

m2
(∇µ
√
ρm + vα∇α

√
ρmvµ) vβ∇β

√
ρm , (A.7)

T = −3

(
ρm

c2 + u2

2
+ U(ρm)

)
− ~2

m2
(∇µ√ρm∇µ

√
ρm − 2vµvν∇µ

√
ρm∇ν

√
ρm) , (A.8)

Ψµν =
~2

m2
(∇µ
√
ρm∇ν

√
ρm + (vµ∇ν

√
ρm + vν∇µ

√
ρm)vα∇α

√
ρm+

vµvνv
αvβ∇α

√
ρm∇β

√
ρm −

1

3
hµν

(
∇α√ρm∇α

√
ρm + vαvβ∇α

√
ρm∇β

√
ρm

))
. (A.9)
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In particular, by substituting equation (A.1) into T we get

T = 3p− ~2

m2

[
3

2

√
ρm �

√
ρm +∇µ√ρm∇µ

√
ρm + 2vµvν∇µ

√
ρm∇ν

√
ρm

]
, (A.10)

where p = ρmU
′(ρm) + U(ρm).

Finally, one can identify

ns =
ρ√
−u2

. (A.11)

Form these results it is clear that the BEC is not a perfect fluid unless the quantum
terms are subdominant. In fact in the rest frame of the BEC (vµ = (1, 0, 0, 0)) we have that

πµ = 0 , Ψij =
~2

m2

[
∇i
√
ρm∇j

√
ρm −

1

3
gij∇k

√
ρm∇k

√
ρm

]
. (A.12)

As expected in this frame there is no momentum flow but stresses are present.
If we neglect the quantum effects and use the relations between BEC and fluid variables

then the SET for the BEC takes the perfect fluid form

Tµν = (ε+ p)vµvν + pgµν . (A.13)

As a final remark we notice that in the non-relativistic limit fluid and BEC variables
coincides, in particular the spatial part of uµ is the real velocity of the BEC flow.
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