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Abstract

The determination of analytical solutions is a vital step in understanding the dif-
ferent physical systems and building confidence in the numerical methods that
are required for more complex models. In the present work, analytical solutions
are derived for axisymmetric and near-axisymmetric rigid body problems. The
formulation proposed is based on a complex variable which characterizes all
the different kinds of problems in similar terms. The described methodology is
introduced for simple cases and, progressively, extended to other advanced prob-
lems such as random perturbations. As an application, this complex variable
formulation can‘be used to characterize the asteroid’ motions, showing a depen-
dence between their inertia coefficients and their rotational velocities when the
asteroid is perturbed from its relaxed state. A Montecarlo experiment is done in
order to determine how well the inertia ratios of the asteroid can be estimated

knowing only information about its angular velocities.
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Nomenclature

A, B, C Principal moments of inertia

CDF Cumulative Density Function
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DAMIT Database of Asteroid Models from Inversion Techniques
FFT Fast Fourier Transform

I Parameter defined for a quasi-cylindrical inertia tensor as I = AizB
I3 Inertia ratio %

I3 Inertia ratio %

I3 Estimated inertia ratio %

I3, Estimated inertia ratio %

i Imaginary unit

Im[z] Imaginary part of =

k Parameter defined as W30tc%

ko Parameter defined as CTfA

k1 Parameter defined as wgotcchB

ko Parameter defined as wgotcc—'}q

ke Parameter defined as /ki1ks

km, Parameter defined as«/k2/k1

ls, Ss Major and minor semi-axes

my, Mo, M3 Body-fixed Torques

Mo Moment complex variable, %imz
Re|x] Real part of

Sy, Spectral density of Mo

Swis Spectral density of Wig

T Dimensionless time, T =

te

YORP effect.. Yarkovsky-O’Keefe-Radzievskii-Paddack effect

Wis Complex angular velocity, wy + iws

o1, Qg Parameters use for the change of variable Q; = o;€;
ow; Small perturbation of w;

€ Misalignment angle/perturbation parameter

0, ¢, & Euler angles

012 Complex variable defined as fe~i¢

w Angular velocity
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Q First order perturbed angular velocity

T Independent variable for spinning-up manoeuvres defined as £t + wao
Subscripts

1,2, 3 Body-fixed coordinates using body frame
0 Initial condition

Superscripts

i Order of the perturbation problem

z Complex amplitude of x

x Time derivative

x* Complex conjugate

z Dimensionless time derivative %

Q; Change of variable defined as Q; = a;Q;

1. Introduction.

The lack of linearity presented in' the real world phenomena is one of the
major obstacles that engineers'find when they are trying to model it. Although,
in many cases, it is possible to know the equations which govern a particular
problem, the complexity caused by this non-linearity prevents us from using
an analytical approach to obtain the solutions. In these circumstances, the
numerical methods can achieve a precise enough solution. However, this is done
without gaining a valuable, significant knowledge about the physical driving
process. At is for this reason that the analytical solution deserves the pertinent
attention. Furthermore, analytical solutions are powerful tools for verifying and
studying the errors originated by the numerical methods [II [2].

The present work focus on the study of the rigid body rotation using the
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Euler’s rotation equations [3]:

Adn + wows(C — B) = my, (1a)
BLZJQ + w1w3(A - C) = My, (].b)
Cws + wiwe (B — A) = mg, (1c)

where A, B and C are the principal moments of inertia about axes 1, 2vand
3 respectively. In these equations, the rotation of the body is studied using
a rotating reference frame with its axes fixed to the body and parallel to the
body’s principal axes of inertia, see Figure[I] The angular velocities around. the

principal axes are wi, wy and ws.

Figure 1: Instead of using an inertial reference frame zyz, the Euler equations are referred to

body fixed principal axes-of inertia 123.

Although these equations are well-known, the non linearity of the second
term complicates the search for analytical solutions. Therefore, in many cases,
the numerical solutions are the only viable method to solve the problem.

The general purpose of the present work is to simplify the analytic treatment
of the rigid body dynamics and show the possibility of determining, in a simple
and unified way, the rotational dynamics of bodies with an axisymmetric inertia
tensor, which is useful from a view of both theoretical research and aerospace

applications.
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Indeed, there are a set of problems in this field (torque free motion, stability
of rotation, thrust misalignment, etc) whose analysis is generally presented in
a case by case basis, which makes the whole presentation more complex and
intricate. However, all these situations can be treated using the same basic
tools, as will be shown in this paper.

The unified approach here proposed, reduces the work needed to explain
the set of problems and the effort to understand the solutions, which, in this
way, are naturally related to each other. This unified approach is based on
the mathematical structure of the Euler equation when the inertia tensor.is
totally or nearly axisymmetric. In this case, the Euler equations‘become linear
with regard to the transversal rotational speeds and the motion around the
longitudinal axis is decoupled (if the external moments fulfill some conditions).

The structure of the paper is as follows. In Section [2 different axisymmetric
problems that are common in aerospace €ngineering are described. These prob-
lems can be studied using complex variable as.it is_described in Section In
Section [4] the complex variable i§ applied to the different problems of Section [2}
The methodology described is also extended to more general problems, includ-
ing the non axisymmetric case, in Section |5, and it is applied to the movement

of asteroids in Section[6} Finally, the conclusions are summarized in Section

2. Common axisymmetric problems.

There are certainsituations in aerospace engineering in which axisymmetric

problems-appearsnaturally. Some of them are described below.

2.1." Body with A = B and zero external moment.

This is the simplest axisymmetric problem, where the rigid body is sym-

metric along axis 3 (without loss of generality) and there is no external torque.
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Then Eq. can be simplified, with A = B and m; = mg = mg =0 as:

Ad)l + CUQW3(C - A) = 0, (2&)
Ad)g + W1W3(A - C) == 0, (2b)
Co..)g =0. (2C)

In this situation, the velocity around the axis of symmetry is decoupled from
the other two. Typically, these equations can be used to model the movement
of an axisymmetric spacecraft in the outer space. In that case, for a limited
time interval, the external perturbations can be neglected. In general, these
perturbations can be associated with inertial forces, tides, applied torques or the
Yarkovsky-O’Keefe-Radzievskii-Paddack (YORP) effect [4], which is@ change in
the rotation rate caused by the asymmetric reflection and thermal re-radiation

of sunlight from an irregularly shaped body [5].

2.2. Stability of rotation about prineipal azis.

It is known that permanent rotations are possible about each one of the
principal axes [6]. To study.the stability of rotation about the symmetry axis,
axis 3, let us assume as/initial condition w; = wy = 0, w3 = w3 and a perturbed
condition so wy, wo << w3 and w3 = wsg + £. Linearising equations with

my = mo = mjg = 0, the following equations are obtained:

Awq + (C — A)(UQOJ?,O =0, (3&)
ng + (A - C)wlwgo = O7 (Sb)
Cws = 0. (3c)

2.8. Thrust misalignment.

This problem is another typical axisymmetric problem. As shown in [3],
a spinning missile with a misalignment of the thrust line can be modeled in
the following way: the missile is assumed axisymmetric so that the x,y, z axes

coincide with the principal axes: 1, 2 and 3, with [y = I, = A, I3 = C. Axis
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Figure 2: Reference system for the case of thrust misalignment. ¢, misalignment angle.

1 is perpendicular to the thrust containing symmetry plane,sand axis 3 is the
revolution symmetry axis as shown in Figure

The Euler’s equations for the missile motion are:

Awq + LUQOJ3(C — A) =myq, (4&)
sz + wlng(A - C) = O, (4b)
Co:)?, = 0, (4C)

in which m; refers to the perturbation moment, independent of time and caused
by the misalignment.
3. Use of the complex variable in axisymmetric problems.

In the'case of an axisymmetric rigid solid, when axis 3 is the axis of symme-

try, Egs. are simplified to:

Awq + (C — A)Wng =mq, (5&)
Ad}z + (A - C’)wlwg = ma, (5b)
C@g =ms. (50)

where A = B.
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It can be realized that when A = B and ms fulfills some conditions (i.e, ms
is independent of wy,ws) the dynamics of rotation around axis 3 is decoupled
from rotations wy and we [7]. Actually, from , the velocity around the third

axis can be calculated from:

by = m‘"’T(t) (6)

If the solution of (6)) can be obtained as ws(t), which means mg =‘ms(ws, );
then Egs. and can be solved by using the complex variable Wyo defined

in [6] as:

Wis = w1 +iws. (7)

By adding Egs. and in quadrature [6], the two equations are

replaced by one in terms of the complex variable Wya:

Wiy ~ikwsWay = Mis; (8)

where the new variables k and Mjs can be calculated from:

—A
k= CT, (9&)
My — w (9b)

The above method can be used not only in the situation of an axysimmetric
body. (which gives.the exact solution for that case) but also when the product of
wy and wy isvery small [§]. The main advantage of equation is its linearity.
Its solutions can be easily obtained and, therefore, the problems presented in
Section 2 and others of interest can be derived at once, as it is shown in what

follows.

3.1. Rotations referred to inertial coordinates.
The determination of the motion using inertial coordinates are required in
different kinds of situations like sun-tracking attitude motion [9]. Complex

variable can also be useful in the case that the nutation angle 6 is small enough.
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In that case, the classical solution for the rotation angles referred to inertial

coordinates [3] are obtained from:

wy = sinfsin g + 6 cos @, (10a)
wy = sinb cos p — Bsin g, (10b)
w3 =) cosf + ¢, (10c)

which relate rotation velocity components with Euler’s angles 6, ¢, @ using a

3-1-3 sequence. A graphical representation of these angles ¢an be seen in Figure

Bl
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Figure 3: Angular rates of Euler angles.

By following the procedure explained in [3], the complex variable 615 is

defined as:
912:96_”’. (11)

When the new variable is used in Eq. , the coming expression is obtained:

012 + iwsobha = Wia(2), (12)

10
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where w3y = cte, considering the case msg = 0. In Eq. W15 is known, as
it is a solution of one of the above-mentioned problems. Eq. is a linear
ordinary differential equation with constant coefficients. This expression can be
generalized for the cases referred to before, in which W5 is obtained as indicated
and mg is not a constant but a function of time mg(¢). In such a case,following

the same procedure, a similar expression to is obtained:
012 +iws(t)012 = Wia(t), (13)

which is also a linear ordinary differential equation but withstime-dependent
coefficients. It should also be noted that while W75 is an/exact solution, 615 is

only an approximation for small 6 angles.

4. Solution of axisymmetric problems.

The problems presented in the previous section have analytical solutions
when the variables meet certain conditions. ‘Some.of these solutions are well-
known, as in the case of the thrust misalignment problem. In this section,
a list of situations collected from<the available literature is presented. The
different problems, when they are written in terms of the complex variable,
have analytical solutions. Without being totally exhaustive, this compilation
can give the reader an idea of-the kind of problems that can be addressed with

this tool.

4.1. Body with zero external moment.

Thezero external moment implies that M1, = 0 in and w3 = wszg in
@, where wsq is the initial value of wsz. Eq. reduces to:

Wiz — ikwsoWiz = 0, (14)

whose solution is:

Wiy = Wy el Fwaot (15)

where Wy is a complex constant, Wy = w1 (0) 4 iw2(0), obtained from the initial

conditions. Eq. is the classical solution of the free body rotation.

11
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Figure 4: Comparison between numerical and analytical solutions for the case of a body with
zero external moment. On the left, the absolute value of Wjg is shown as a function of time.
Although |Wi2| = Wy = cte, due to the errors in the numerical method, the absolute value
decays. On the right, difference between the phase of Wi is shown as a‘function of time.

Parameters: A/C = B/C = 0.5, wig/w3zo = 0.1, wag/w3p = 0O

The difference between the numerical and analytical selutions is shown in
Figure [4 The integration scheme is a.Dormand & Price —member of the
Runge-Kutta family— of order 8(5,3) —an 8th order/scheme using a 5th order
estimator with a 3th order correction.

As explained in a previous section, the complex variable also can be used
for solving analytically the attitude.of the body. Angle 6 can be calculated
using Eq. . An example of the solution using the analytical and numerical
methods is shownsin Figure [5} The difference between both methods is mostly

due to linearization.

4.2.Constant transverse moments with zero axial moment.

In this case my. and my are non-zero and mg = 0 (and, therefore, ws = wsp).
An example of this case is the motion due to thrust misalignment. Eq. can

be written as:

Wi — ikwsoWiz = Mia. (16)

Eq. is a well known ordinary differential equation with constant coeffi-

cients, whose solution [10] is:

iMs

Wip = Wy el Fwsot 4
k(JJSO

(1 — el hwsot), (17)

12
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Figure 5: Comparison between numerical and analytical solutions in the case of rotations
referred to inertial coordinates. On the left, absolute value of 612 is‘shown as a function of
time. On the right, error of §12 as a function of time., Parameters: A/C = B/C = 0.5,
wio/w3o = 0.1, wao/wzo = 0, ki2/ks = 1, 6p = 0.001, @o.= 0, g =0 and zero external

moments.

The physical meaning of the solution is that the attitude is determined by
the combination of torque-free motion and a driving term proportional to

M12.

4.3. Non-constant transversal moments with zero axial moment.

This case is a generalization of the previous one, where the complex moment

M4 is a function of time, M;4(t). Therefore Eq. becomes
Wig — i kwsoWia = Mia(t), (18)

whose solution can.be-obtained by standard methods using the Laplace trans-
formation:
. t .
W12 = WO e kwsot + / M12 (7‘) e! kawszo (t—7) dr. (19)
0
Similar to the previous case, solution is a combination of the torque-free
motion and the response to the driving torque Mis(t) as it is shown in Figure

ol

13
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Figure 6: Comparison between numerical and analytical solution in the case of non-constant
transversal moments with zero axial moment. On the left, the absolute value of W12 is shown
as a function of time. On the right, the phase error of Wis is shown as a‘function of time.

Parameters: A/C = B/C = 0.5, wip/w3o = 0.1, wao /w3 = 03 M2 (t) =Ael™t/8,

4.4. Time-independent azxial moment.
The spinning-up maneuvers can be treated as in [§] and [I1], where ws is

approximated using its Taylor series expansion up to/degree one:

ms

ot o (20)

wg —

A new independent yariable 7 is'defined as 7 = ws. Once the variable change
dt = C/mg3 dr is applied and after some substitutions, the following equation
is obtained:

ng — iTleg = Mlg, (21)

; . A Vi(Cc— - . .
in which Qo=w1V/B +iwsvA and p = %. The solution of this

equation 1is:

Oy = Qez 77 +/ Myy(€) e2 1P =€) q¢. (22)
0

14
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4.5. Moments with linear dependence on the rotation speed components.

Consider the case where my and ms are linear functions of wq, wo, and ws

and mg is only a function of ws:

my = my (w1, wa,ws), (23a)
mo = Mo (wl, w2, LU3), (23b)
m3 = ms(ws). (23¢)

From Eq. (6)) one can obtain ws = w;(t) and by substituting it into:(8):
Wiy — ikws(t)Wia = Mio(Wig, Wiy, w3), (24)

where W7, is the complex conjugate of Wis.
The analytical integration of can be performed in some.cases [12]. As an
example, let us consider the case where the external torque is a linear damping,

which can be modeled as follows:

mi = —klwlA, (25&)
mo = —kJQWQA, (25b)
m3 — —k/’gwgc. (250)

If k1 = ko = k19, from and , we can obtain:
Mo = —k12Wia, (26a)

W12 — ikw:j(t)WlQ = —k12W12. (26b)

The solution of (6)) using (25d) is:

kst

w3 (t) = wgpe " = wgge e, (27)

which represents an exponential decay with characteristic time t.3 = 17137 during

which the value of w3 has been reduced approximately a 63%.

Eq. (26b]) together with Eq. becomes:

Wi — [k1g — i kiawso e/t Wiy = 0, (28)

15
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Figure 7: Comparison between numerical and analytical solution in the case.of moments with
linear dependence on the rotation speed components. On the left, the absolute value of Wig
is shown as a function of time. The exponential decay of the absolute value is clear, which
causes that both solutions reach the same final value. On the right, the phase of W12 as a

function of time. Parameters: A/C = B/C = 0.5, wip/w30 = 0.1, w20 /w30 =0, ki2/k3 = 1.

whose solution is given by
Wia(t) =Woe F2telo(), (29)

where:
() =k / w3 (Ot = kgt s (1 — o—t/1e), (30)

and t.3 = 1/k3. The constant in has been arbitrarily selected to fulfill the
condition g(0) =0=i.e., wa(0) = 0— without lose of generality.

The solution Wiy (see Figure @ is composed of two factors. The first one
e~ k12t represents the decay of the transverse rotation speed components am-
plitude with a time scale 1/kj2. The second factor is a unitary vector which
represents the two harmonic components of a rotating vector whose angular
speed is:

)= kwsotes(1 —e /=) g(t)

= (31)

Q(t " "

and therefore changes with time. The rate of change is determined by the
characteristic time t.3. As an example, for times t << t.3 the angular speed

can be approximated, by neglecting larger order terms, as:

t
Q(t) ~ kwgo 1——

32
2te3 |’ (32)

16
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which shows that the initial value of the angular speed of vector Wis is kwsg
and this speed decreases with characteristic time t.3.
The angle, 6, between the angular velocity vector and the symmetry axis

(axis 3) can be obtained with equations and and is given by:

A
tan ) = %7 e(Thiztha)t (33)

It is shown that the angular velocity vector changes its position with regard
to axis 3 due to the change in angular momentum caused by the external torque
(m1, ma, ms3). The rate of change is determined by the.characteristic time

m and the change of direction (increase or decrease) is detérminéd by the

sign of the difference k15 — kg3.

5. Generalized problem.

Although the above examples may seem very specific, the complex variable
has shown utility and can be applied to more general cases. In this section the
authors present methods for applying this{tool to quasi-axilsymmetric bodies

and more general disturbances.

5.1. Time-dependent moments.

This case/is more general than the previous ones. ws can be calculated

integrating the equation (6])[L3], with initial condition wso, that is:
1 [t
w3 = wso + 5/ ma(t), (34)
0
which introduced into gives:
W12 — ikW3(t)W12 = M12(t). (35)

Eq. is a linear differential equation with time-dependent coefficients

whose solution can be obtained by standard methods [14].

17
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5.2. Response to harmonic or random inputs.

There are situations in which the inputs are known to be periodic and can
be decomposed into harmonics. This is the case, for example, when studying a
sun-synchronous frozen orbit [9]. In this case, the solutions of Egs. @ and
are found when my (t), ma(t), ms(t) are harmonic or random functions of time.

Let us consider the definition of variables ws, mg, Wi2 and Mis:

wsz = W3(w) et +wsg, (36a)
ms = Mmz(w)e'“?, (36b)
Wis = Wia(w) el*?, (36¢)
My = Mz e, (36d)

where ag,mg,wlg,ﬂlg are the complex amplitudes, function of the angular
frequency, w, and wsg is a constant.
Solution of @ gives the following relationship between W3 and Ws:

m3(w)
iwC '’

(:)3(0.)) S

when introduced in leads to:

(37)

: J/\le(w)

Wia(w) = (38)

iw—1ik

ma(w)
W30+ ii;(C) elwt]

In order for the solution to be a harmonic one, the condition mg(w) =0
should be fulfilled, and therefore Eq. reduces to:

1 —

Wia(w) = Mia(w), (39)

" kws —w
which‘shows the possibility of a resonant response when the angular frequency
w fulfills the condition w = wsg. The factor i denotes the quadrature between
the torque and the rotation speed.

In the case of a random input, Eq. can be used to define the relationship
between the spectral density of the input —the torque M\u(w)f and of the
output —the transverse rotation speed ng (w):

Snmi2(w)

SW12 ((.d) = (kWSO _ w)27

(40)
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where Sw,,and Sy, are the spectral densities of the transverse rotation speed
and of the external transverse torque, respectively. Eq. allows us to deter-
mine the variance of the transverse rotation speed modulus from the spectral
density of the transverse torque. In order to do so, some damping should be

introduced into Eq. to manage the response in the resonant range.

5.3. Quasi-cylindrical inertia tensor.

It is also possible to relax the axilsymmetry requirement for the rigid solid.
Let us consider the case where the inertia tensor is quasi-cylindrieal, |A—B| <<

A. Therefore, the magnitudes of the problem can be expressed in‘the following

way':
A=1I(1-¢), (41a)
B=1I(1fe), (41b)

Cc=1I
ko = T, (41C)
j- A;B, (41d)

B-A

= —=—" 41
SBFA (41e)
WG = w) + ew;, (41f)
with e < 1.

By introducing into , one obtains the following equation:

. ' 1 m
Wy T+ ews + 265(00? + ewr ) (W + ews) = ?3, (42)

which leads to the following equations for wj:

o =, (43)
and wi:
-1 L
W = —250.)10.)2. (44)

By introducing into Eqs. and , the Taylor expansion can be
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applied obtaining:

wy + kowaws — 6(1 — k‘o)(,dgwg = 7 (1 + 6), (45&)
. )
Wo — ]f()&)ﬂ.dg — 6(1 - ko)w1w3 = T(l - E). (45b)

Adding (45a]) and (45b)) in quadrature leads to:

m1 +img + e(my —ims)

W1 +iwg + kows(we — iwl) — 6(1 — ko)&)g(Wg +iwy) =

i ;
(46)
or:
Wig — ikows Wiz —ie(l — ko)ws Wiy = w (47)
To solve Eq. , let us consider the expansion:
Wig = Wi, + eWjs, (48)

introducing it into (47) together with (44{)) gives two expressions for the zero

and first order problems as:

: M
Wiy = i kow§ Wiy = %7 (49a)
. M
Wiz — i kow§ Waig s —2 o i kg Wi + (1 — ko)w3 W15, (49Db)
where:
Wi, = wi +iwj, (50)

in which the 'superscript indicates the order of the problem.

The zero order.problem is identical to the non-perturbed problem,
e = 0, that isythe forced motion of a body with axisymmetric inertia tensor.
Although the first order problem has the same structure as the zero order
problem, it changes the form of the right-hand side terms. As a consequence, the
solution depends on the initial conditions and on the external torques grouped

in the symbols m3 and Mjs.

5.4. Quasi-cylindrical inertia tensor and torque-free motion.

One case of basic interest is the torque-free motion (m; = mg = mz = 0)

where the zero-order problem (34) and (49a]) leads to w§ = w§,, being w§ =
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w3y(0) a constant, and:
WYy — i kowly W, = 0. (51)
The solution of is:
Wiy = Wiy el Fousot, (52)

where Wi, = W (0) is the initial value of W,. Under suitable/conditions

W12(0) = wly , and from it is deduced:
w) = Re [Wo} = Wy cos(kowdpt), (53a)
wy =TIm {WO} = wiyg sin(kewipt)- (53b)

The solution of the zero-order problem (w{yw3,w?) is the classical solution

of the torque-free motion of a body with axisymmetric inertia tensor. In order

to determine the first order correction, introduce (53)) into to obtain:

) I . 1 .
w% = —25(w?20)2 cos(kowgot) sm(k‘owgot) = —E(W?QO)Q sm(2kowgot). (54)
whose solution is:
I (w950)2
1_ 120 . 0
wg = 5m cos(2kowsgt), (55)

which shows that the rotation around axis 3 is not performed at a constant rate.

It is the result of the superposition of the zero order constant rotation w9, with

0 2
@4 which has anamplitude of £ (2“];;2(32) and angular frequency of 2kowd,. That
30

frequeney isithe double of the angular frequency of W,.

Thefirst order term will introduce an angular acceleration which will produce
a vibration of the body structure elements.

The transverse rotation speed correction Wi, is obtained from , which

reduces to:

Wiy — i kowd Wiy = i kowi Wiy +i(1 — ko)w§ Wiy, (56)
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together with and , leading to the following expression:

il s 0 g1 _ s L (Wi)? . 0 ikow3ot | : 0,0 _—ikow3yt
W12—1k‘0w30W12:15 2,0 cos(2kowsgt) e +i(1—ko)wsgwigg € =
30
wizo | L, 0 2 0 ikowJot 0 \2 —ikowdyt
=15 20( 120)” €08(2kowsnt) €030 +(1 — ko) (w3g)“ €™ 0¥ | (57)
W30

The solution of with initial condition Wi, (0) = Wiy, is:

W(t) = Wi, et +§ sin(at) + % sin(2at) ', (58)
where:
a = kowJp, (59a)
A=i é (g%é)f) (59b)
B =i(1 — kg)wiywisg- (59¢)

Therefore, the correction W, (¢)forthe transverse rotational speed is com-
posed of harmonic terms with angularfrequencies kow$, and 2kow3, —coming

from the term sin(2at)e! .

5.5. Rotating non-cylindrical inertia tensor with small perturbation torques.

Finally, an.example is presented where axilsymmetry is not needed, the case
of small perturbations acting on a relaxed body rotating around the principal
axis. of inertia. The deseription of its motion using the Euler equations and
integrating the inertia tensor for different cases could be complex. However,
there is‘@ simple ease in which the inertia tensor is cylindrical [3] and the problem
can be resolved using a change of variable to the complex domain. This method,
for a eylindrical inertia tensor, can be generalized to non-cylindrical in the case
of small perturbations. This is done with a change in the angular velocities
scale.

The stable solution when m; = mo = m3 = 0 is given by w3 = ws3g, wy =

wg = 0. If the equilibrium state is perturbed with a small perturbation, the new
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solution is given by

W3 = W30(1 + 6Q3), (60&)
wp = ewspfla, (60Db)
w1 = ewsofs. (60c)

Substituting Eqgs. into Egs. 7 the new approximated equations are:

C-B 1m1

0 Qg = LM |
1+ ) 2W30 c wag A (61a)
. A-C 1 mo
Q Q =~ 61b
2+ 1W30 CwsoB’ (61b)
. B-A 1 ms
Q 0.0 == \ 61
3+ e 1822w30€ O (61c)

The perturbations moments must be small enough in order to fulfill the
condition that the right-hand side of the equations are first order perturbations.
With all this, the equations 7 are decoupled from and are linear.
A dimensionless time T with ¢ /= t.T«will be used where ¢, is a characteristic

time to be defined. Using X = ‘g—?g, the dimensionless equations are:

C B 1tc@

Q, Qowsote = — 2
1t 2wsole = Z T (62a)
’ A=C 1 tc mo
0 Qqsgot, = -~ 12 2h
o+ 1W30 < B (6 )
’ B-A 1 tc ms
Q Q1 Qowszptee = — —. 62
3t 1ihaotee = 2T (62c¢)

In the caserof a symmetrical tensor, the problem is greatly simplified. With

k= w;),otcc—;lA > 0 and considering the homogeneous problem, one obtains:

Q) + kQy =0, (63a)

Q, — kS = 0. (63b)
Next, define a new complex variable W as:
W =Q +iQy, (64)
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in a similar way as it had been done in [6].

Adding the equation (63a]) to the equation (63b|) in quadrature results in:
Q) +i 4+ k(Qy —i)=0=W —ikW =0. (65)

Therefore, the solution to the problem is a spin of constant velocity k of the

vector Wy = Q19 +1Q90, as:
W =Wye T, (66)
When there is no symmetry around the principal inertial axis, the.case is
more interesting. The method requires a transformation with Q; =@;Q; defining
k1= wgotcC;fB >0 and kg = W30tCL§A > 0. The new equations are:
— o9 —
Q, + k1 —Q =0, (67a)
aq
— 1 —
Q, — ks —0f = 0. (67h)
Qg

These equations can be transformed into (63a) and (63b)) by choosing the

values of o; and a4 as:

2
e aq k1

o =1 = ay = \/kg/k‘l = kc, (68]3)
klkc = 1/ ]flkg = km (68C)

Values of @y and ao are arbitrary as long as Eq. (68a)) is fulfilled. With

thesewalues, the following equations are obtained:

Qy + ko =0, (69a)
Qy — k= 0. (69Db)
Therefore, changing the scale of amplitude of the traditional variables, the

non-cylindrical problem is converted to a cylindrical one with a straightforward

solution as:

W:§1+i62291+ki92 ; W:WOeika ; WO Zﬁlo+i§20 (70)
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6. Study case: asteroids.

In this section an application of one of the previously proposed methods to
a real problem is presented. As explained above, the axilsimmetry requirement
is not essential for the application of the complex variable method. To illustrate
this fact, a problem in which the body does not necessarily have axial symmetry
has been chosen: the motion described by asteroids.

For the analysis, the low-amplitude rotations of asteroids are considered.
They will be modeled as small perturbations around the principal axis of inertia
[15]. The reason for this choice is the fact that observable asteroids are in a
relaxed rotation state and low speed, because of\the nutation' relaxation [16],
and the fact that large speed reduces their life. This dynamic is.an‘example of
the motion analyzed in Subsection [5.5

The solution of this motion, equation 7 indicates that the vector W spins
at a constant rate k,, —dimensionless— and the vector W moves following an
ellipse with semiaxis [Wg| and |%l|, where [Wg|is the circumference radius

that encloses the ellipse:

0f = Re [W] — 0= Re [WO eika}, (71)
(o, o

Qo =1Im [W} = T Im {Wo eik’"T}. (72)

Figure [8 shows the graphical interpretation of these results. The constants
kmpand k. can be computed from the observation of the asteroid movement.
On the other hand, both k,, and k. can also be computed from the asteroid

inertial‘matrix. From the relation of the ellipse semi-axis, k. can be obtained

_ k2_ C—AA_ 1—]13[13_
kc‘\/kl_\/C—BB_\/l—IQSI%_\/a’ (73)

where I13 = A/C and I3 = B/C. A relationship between the spin velocity of

as:

the vector W with these ratios is given by:
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Figure 8: Trajectory of the complex rotation speed W and the stretched one W.

kﬂ o k’lkg - (C—B)(C—A) w%ot%
te \| 2 t2 AB

C-BC-A
=\ T

1—1TIs31—1I13
—_— —_— = b . 4
5 w3 Tal Ins Vbwso.  (74)

Rearranging equations and we can obtain:

(13 — 1)113
a = Y T 75
(L23 = 1)123 (75)
1—T1— 13
b= . 76
I3 Io3 (76)
that can be used to calculate the possible values of I13 and I3 as:
—1++Vab
3= ———
13 b1 (77a)
—a ++Vab
I3 = ————. 77b
23 a(b—1) (77b)

The Egs. and give two possible values for I3 and I»3, however,
there are additional requirements that can be used to find the true solution.
First, the inertia ratios must be a positive quantity. Second, the considered
rotation movements are around the main inertial axis so, by definition, I3 >
I, > I, > 0. Both conditions imply that 0 < I3 < I3 < 1. Figures [0 and [I0]
show the two possible values of I3 and o3 from Egs. and (77b). However,
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if the condition 0 < I13 < Is3 < 1 is now applied, a unique solution is obtained:

the one which has the positive sign before the root square.

5.0

o TOIEE=E

Figure 10: Logarithm of I3 for different.a and b using the solution of sign ”+” (left) and ”—"
(right).

The interest of these equations yields in the fact that they can be used
to.calculate theinertial properties of the asteroids —I13 and I;3— from the
characteristics of the rotation speeds that are easily measured: the ratio between

ellipse axes and the frequency of the complex velocity Wis.

6.1. Numerical examples.

In the previous subsection, it has been shown how the inertia ratios of aster-
oids can be estimated from their un-relaxed angular velocities. In this section,
the accuracy that can be obtained with that approach is studied starting from
data of real asteroids’ inertia and angular velocities.The objective will not be to

get information from a specific asteroid, but to verify that most asteroids meet
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the requirements for the use of this method.

In order to obtain real data of inertia matrices and angular velocities of
asteroids, the asteroid database DAMIT has been used —acronym of Database
of Asteroid Models from Inversion Techniques [I7]. For each asteroid —they are
around 1600— the database gives its shape, represented as polyhedrons with
triangular surface facets. From their shape, using the hypothesis of constant
density, their inertial parameters can be calculated. Their real inertia matrices
will be slightly different, but this simplification serves as an approximation to the
set of inertia matrices of all the asteroids. At this point it is worth remembering
that the objective is not to model a particular asteroid, but to know.how well
the theory works for typical values of inertia and angular velocities than can be
found in reality.

The spin states of the different asteroids can be obtained using the pa-
rameters of the database; from the light<curves, the radial velocity around the
rotational axis can be calculated. All asteroids.in the'database are supposed to
be in a relaxed rotation state [I7]. The principal axis with the main moment of
inertia calculated using the previous method does not exactly coincide with the
axis of rotation. However, this is a necessary requirement for the asteroid to
remain relaxed. For this reason, it will be assumed that, before the disturbance,
the axis of rotation coincides with the main axis of inertia obtained with the
geometric method.

From the relaxed state the inertia ratios cannot be obtained. However,
there is the possibility that the asteroid is perturbed by certain mechanisms
[18, 19.420] e.g. outgassing, splitting events, collisions, thermal effects [21] even
through controlled impacts like the one proposed in the ESA’s Don Quijote
Mission \[22]. In case of the asteroid being monitored at that time, it would
be possible to obtain information about its inertia matrix. To model these
mechanisms is beyond the scope of this paper, but the information that can
be extracted of a generic disturbance in the form of a random angular velocity
variation will be analyzed. For that, a Montecarlo test has been performed as

follows:
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1. First, a parameter e which characterizes the magnitude of the perturbation
in angular velocity is defined. This parameter simulates disturbances of
different importance. In this section € is not necessarily small.

2. Then, the absolute value |Aw| of the perturbation is randomly selected
from a normal distribution of mean e(ws) and standar desviatione(ws)/10,
where (ws) denotes the mean ws of the asteroid dataset.

3. Finally, the direction of the perturbation in angular velocity is/defined by
two angles, 0 < 8 < m and 0 < £ < 27. These angles are also randomly
selected. The new angular velocities of the asteroids are computed. as:
w1 = dwy = |Aw|cos(§)sin(d), we = dws = |Aw|sin(¢) sin(f) and ws =

w3 + |Aw]| cos(0).

After introducing the perturbation in the angular velocity of the asteroid,
each asteroid’s attitude is propagated for/a period of time equivalent to five
rotations, AT = 10w /wsg. The Euler equations are numerically integrated —
using an explicit Dormand & Price of order 8(5,3)ysimilar to that in Section
so the angular velocity components —w;, wg'and wg—are available. Using these
results as if they were observational data, the inertia ratios can be estimated as

follows:

1. The constant+k,, are calculated as the period of Q15 = w; + iwy. There
are several techniques that can be used in order to extract the period from
the signal \[23]. For simplicity, the fast Fourier transform (FFT) has been
used, so the frequency is calculated as the frequency at which the signal
spectrum maximum is found.

2. The constant k. can be found as: k. = l5/ss, where I, is the major semi-
axis and s, the minor semi-axis of the ellipse that {215 traces in the com-
plex plane. A numerical method to adjust the semi-axis can be found in

Fitzgibbon [24].

From k,, and k., the estimated inertia ratio I3, and I»3. can be computed
by using Equations (77a) and (77b]). The results can be compared against the

inertia ratios used for the simulation.
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The results obtained for all the database are shown in Figure For small
perturbation € < 0.1, the relative error in the inertia ratios is less than 5% for
more than 95% of the cases. The greater the disturbance the more the accuracy
is reduced. Nevertheless, the ratio Io3 is still well estimated even when ¢ = 1
for the 95% of the cases. As it can be seen in this figure, the error is related to
the perturbation absolute value. This is a consequence of the linearization done

in Eq , which requires the perturbation to be small.
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Figure 11: Cummulative distribution function (CDF) of the inertia ratios relative errors

Al;3/I;g for different perturbation amplitude, e = 1, 0.5, 0.1, and 0.05.

In<fact, it is not the total magnitude of the disturbance that influences
the error, but only the component normal to the axis of rotation, since the
perturbation parallel to said axis does not cause any precession or nutation. As
shown in Figure [12] —for the case € = 0.1— the joint PDF of the inertia ratio
errors depends on the normal velocity perturbations, and reveals a gradual rise
in the error as the normal perturbation magnitude increases. In this Figure, each

dot represents an asteroid and the PDF isocontour value is 1.0. Technically, this
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would indicate that the lower the disturbance the higher the precision that can
be obtained with this method. Nevertheless, there is a limit in the resolution
of the observation instruments, and this limit would determine the optimal

perturbation to minimize the error.
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V 6w? + 6w3 /w3 V6w + 6wy lws

Figure 12: Joint PDF of the inertia error estimation and.the simulated normal velocity per-

turbation. Left image: Absolute error in I13. Right image: Absolute error in I23.

Although the magnitude of the disturbanceiis clearly the predominant factor
in the magnitude of the inertia estimation error, there is still a certain dispersion
in the results. This dispersion could be due to other factors such as the shape
and inertial matrices of the asteroids.»Towverify this hypothesis, the correlation
between the errors and the moments of inertia of the asteroids has been analyzed.

The inertia.ratios of each asteroid in the database is shown in Figure
(up) as a point cloud. As'can be seen, most asteroids have an ellipsoidal matrix
of inertia (I13 close to 0.5, o3 close to 0.9), with great variety of shapes but
few borderline cases. In the same figure (bottom), the 300 asteroids with the
largest _error estimation are plotted as red squares. Correlations between inertia
ratios and errors can be appreciated. In the case of I13 estimation error, it
is smaller when I3 and I>3 are comparable. And in the case of I>3 estimation
error, it is smaller when I3 is close to 0.5. An explanation for these correlations
has not been determined yet, but these conclusions can help determine which
asteroids are more conducive to applying the proposed method. To highlight
these correlations, the Figure has been prepared. In this figure, it can be

appreciated that the error in I13 grows with the difference Io3 — I3 and, on the
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Figure 13: Joint PDF of I3 and I23. Isocontour values: 0.5, 2 and 10. Bottom left: 300
asteroids (red squares) with largest error in its I;3 estimation. Bottom right: 300 asteroids

with larger error in its I23 estimation.

other hand, the error indles grows when |I;3 — 0.5] increases.

7. Conclusions

With the advent of improved computational resources, the use of numerical
methods has been growing as a powerful tool used to determine the evolution of
complex systems. However, analytic methods still have some useful applications.

In the present study, analytic solutions have been derived for different cases
of rigid body rotations that can be typically found in aerospace engineering. In
spite of their relevance, a systematic approach to the different problems was not

available in the literature. A common methodology is developed for all these
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Figure 14: Left image: Joint PDF of the absolute error in I;3 and the value of 2z — I13.
Right image: Joint PDF of the absolute error in I23 and [0.5 — I13]. Isecontour values: 0.1
and 0.3.

cases, based on complex variable. The methodology has shown a useful set of
characteristics that let us simplify the analytical treatment of the several prob-
lems described. Applications of this analytical methodology may include thrust
misalignment, sun-tracking attitude motion, response to random/harmonic in-
puts, stability analysis, etc. This work organize; complements, and extends the
contributions of different authors in the literature.

As a particular application, the asteroid attitude has been studied. Due to
their low-amplitude rotations, a linearization of the equations can be done not
only for the cylindrical inertial tensor but also for the non cylindrical one. In
the latter case; new expressions‘are shown that relate the motion parameters to
the inertial ratios of the asteroids and vice versa. That is of particular interest
because it opens the possibility of estimating the inertial ratios of the asteroids
using only information relative to their motion.

In_ order to check the utility of the previous linearization, a Montecarlo ex-
periment has been done using the asteroid database DAMIT'. In this experiment,
the relaxed state of real asteroids is randomly perturbed so the inertial ratios
can be calculated using the temporal evolution of the asteroid angular veloc-
ities. For perturbations of magnitude 0.1{(ws) —being (ws3) the mean angular
velocity of all the database’s comets— the inertia ratios are estimated with a

relative error of less than 5% for almost all the asteroids. That error depends on
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the magnitude of the perturbation and the asteroid “s inertia matrix although

further research should be undertaken to explore and explain the influence of

the last one.
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